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Weight functions

Definition (Braun, Meise, Taylor)

A non-quasianalytic weight function w : [0, +o0[— [0, +o0[ is
continuous and increasing, satisfying
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Weight functions

Definition (Braun, Meise, Taylor)

A non-quasianalytic weight function w : [0, +o0[— [0, +o0[ is
continuous and increasing, satisfying

(@) IL>1:w@t) < Lw(t)+1), Vi>0;
 w(t

(8) /1 wt(z)dt < ~4o00;

(7) log(t) = o(w(t)), t— ooc;

(0) @, : t— w(e') convex.
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Weight functions

Definition (Braun, Meise, Taylor)

A non-quasianalytic weight function w : [0, +o0[— [0, +o0[ is
continuous and increasing, satisfying

() IL>1:w(2f) < L(w(t)+1), Vt>0;
 w(t
(8) /1 wt(z)dt < ~4o00;
(7) log(t) = o(w(t)), t— oo;
(0) @, : t— w(e') convex.
w 1o C?: w(€) =w(gl), €eC.
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Weight functions

Definition (Braun, Meise, Taylor)

A non-quasianalytic weight function w : [0, +o0[— [0, +o0[ is
continuous and increasing, satisfying

() IL>1:w(2f) < L(w(t)+1), Vt>0;
 w(t
(8) /1 wt(z)dt < ~4o00;
(7) log(t) = o(w(t)), t— oo;
(0) @, : t— w(e') convex.
w 1o C?: w(€) =w(gl), €eC.

Gevrey weights: w(t)y=t3, 0<a<. J
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Weight functions

Definition (Braun, Meise, Taylor)

A non-quasianalytic weight function w : [0, +o0[— [0, +o0[ is
continuous and increasing, satisfying

() IL>1:w(2f) < L(w(t)+1), Vt>0;
> w(t
(8) /1 t(z)dt < ~4o00;
(7) log(t) = o(w(t)), t— ooc;
(0) @, : t— w(e') convex.
w 1o C?: w(€) =w(gl), €eC.

Gevrey weights: w(t) =t

Definition (Young conjugate)

©r [0, 4+o00[— [0, +o00], (1) = iig{St — ow(8)}
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Ultradifferentiable functions of Beurling type

S(RY) := {u e C®(RY) : sup }XBDO‘U(X)‘ < 400, a,f€ Ng}.

xeRd
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Ultradifferentiable functions of Beurling type

S(RY) := {u e C®(RY) : sup }XBDO‘U(X)‘ < 400, a,f€ Ng}.

xeRd

Definition
Letu € S(RY). Thenu € S,,(RY) if YA >03C\ >0

« (lotB]
sup sup ]xﬁD“u(x)\e_Ww( ) < Cy.
o,BeNd xeRd
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Ultradifferentiable functions of Beurling type

S(RY) = {ueC‘X’(Rd). sup |[x®D*u(x)| < +oc, a,ﬁeNg}.

xeRd

Definition
Letu € S(RY). Thenu € S,,(RY) if YA >03C\ >0

|o+B]

sup sup ]XﬁDau(X)\e_/\‘”w(
o,BeNd xeRd

)<C)\

Alternatively, VA >03C) > 0:

« (1ol
sup sup ]Dau(x)|ef)‘%(7) e < C,.
aeNd xeR?
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Ultradifferentiable functions of Beurling type

S(RY) = {ueC‘X’(Rd). sup |[x®D*u(x)| < +oc, a,ﬁeNg}.

xeRd

Definition
Letu € S(RY). Thenu € S,,(RY) if YA >03C\ >0

|o+B]

sup sup [xBDru(x)|e (5 < ¢,

o,BeNd xeRd

Alternatively, VA >03C) > 0:

« (1ol
sup sup ]Dau(x)|ef)‘%(7) e < C,.
aeNd xeR?

S! (R9) is the dual of S,(RY). |




Time-frequency analysis

Definition (Short-time Fourier transform)
Letu € S'(RY) and 0 # + € S,(RY) be a window function.

Vyu(2) = (u, N(2)) = /R et — x)u(t)at,

for z = (x,€) € R29, where N(z)y) := e"¢y(- — x).
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Time-frequency analysis
Definition (Short-time Fourier transform)

Letu € S'(RY) and 0 # + € S,(RY) be a window function.

Vou(z) = (uN(2)e) = [ e GE=xu(ta,
Rd
for z = (x,€) € R29, where N(z)y) := e"¢y(- — x).

Theorem (Gréchenig, Zimmermann)

Letu e S,(RY) and 0 # ¢ € S,(RY). TFAE:
Q uc S, (RY).
Q@ v)A>03C\,>0:

sup @@ |V,u(2)| < Cy.
z€R2d

e V¢U € SW(RQd).




Global wave front sets in the ultradifferentiable setting

Definition (The w-wave front set)
Letu € S/(RY) and 0 # ¢ € S,(RY). zo € R??\ {0} is not in
WF’ (u) if 3T C R29\ {0} open conic set, z, € T, s.t.

sup )|V u(z)| < +oo, A> 0.
zel
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Global wave front sets in the ultradifferentiable setting

Definition (The w-wave front set)
Letu € S/(RY) and 0 # ¢ € S,(RY). zo € R??\ {0} is not in
WF’ (u) if 3T C R29\ {0} open conic set, z, € T, s.t.

sup )|V u(z)| < +oo, A> 0.
zel

Definition (The w-Gabor wave front set)

Letu e S, (RY), 0 # v € S,(RY) and A = agZ9 x 79 with
a0, Bo > 0 small enough. zy € R?9\ {0} is not in WF&(u) if
3T C R??\ {0} open conic set, zy €T, s.t.

sup €| V,u(o)| < +oo, A> 0.
oeAnl
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Global wave front sets in the ultradifferentiable setting

Definition (The w-wave front set)

Letu € S/(RY) and 0 # ¢ € S,(RY). zo € R??\ {0} is not in
WF’ (u) if 3T C R29\ {0} open conic set, z, € T, s.t.

sup )|V u(z)| < +oo, A>0.
zel

Definition (The w-Gabor wave front set)

Letu e S, (RY), 0 # v € S,(RY) and A = agZ9 x 79 with
a0, Bo > 0 small enough. zy € R?9\ {0} is not in WF&(u) if
3T C R??\ {0} open conic set, zy €T, s.t.

sup €| V,u(o)| < +oo, A> 0.
oeAnl

Theorem (Boiti, Jornet, Oliaro)

w subadditive = WF/ (u) =WFS(u), ueS (RY).
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Inclusions for LPDO

LPDO P(x, D) satisfying

WF’ (P(x, D)u) € WF’,(u), ue S (RY).
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Inclusions for LPDO

LPDO P(x, D) satisfying

WF’ (P(x, D)u) € WF’,(u), ue S (RY).

Boiti, Jornet, Oliaro

P(x,D)= Y Capx“D’
|a+B|<m

for some m € N, where ¢, € C.
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Inclusions for LPDO

LPDO P(x, D) satisfying

WF’ (P(x, D)u) € WF’,(u), ue S (RY).

Boiti, Jornet, Oliaro

P(x,D)= Y Capx“D’
|a+B|<m

for some m € N, where ¢, € C.

A., Boiti, Jornet, Oliaro

P(x,D)= Y a,(x)D"

|v|<m

for some m € N, where a, € S,(RY).
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Pseudodifferential operators

Definition (Global symbol)
acGS (meR,0<p<1)ifac C*(R?):vA>03C\ >0,

la+8]

|D§‘D§a(x,§)| < C,\<(X,§)>*p|a+ﬂ\ekpso:( X )emw(x,g)’

Va, B € N, x,€ € RY, where ((x,€)) = /1 +[x + [¢2.
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Pseudodifferential operators

Definition (Global symbol)
acGS (meR,0<p<1)ifac C*(R?):vA>03C\ >0,

la+8]

|D§‘D§a(x,§)| < C,\<(X,§)>*p|a+5\ekp¢:( X )emw(x,g)’

Va, B € N, x,€ € RY, where ((x,€)) = /1 +[x + [¢2.

Definition (Pseudodifferential operator)

Given a € GSZW,

Au(x) = /R @Al UL, U e Su(RY).
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Pseudodifferential operators |
Definition (Global amplitude)

ae GAT ifae C*(R3):YA>03Cy >0,

|Dg Dy D} a(x, y. )|

< CA<M>p\a+6+v\ewz(\a+§+w)emw(x’y@,

((x,y,€))
va7677 € Ng’ Xa}’,f € Rd'

Definition (Pseudodifferential operator)

Given a € GA’,}W,

Au) = [ [ ey uiydyde, u e SR

v
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Pseudodifferential operators Il

A: S, (RY) — S, (RY) is well defined and continuous.
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Pseudodifferential operators Il

A: S, (RY) — S, (RY) is well defined and continuous.

A: S, (RY) — S, (RY) pseudodifferential operator. TFAE:
@ A has a linear and continuous extension S (R?) — S,,(R?).

Q 3IK(x,y) € S,(R?) s.t.

Aux) = | K(x,y)u(y)dy, ueS,(RY).
Rd
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Pseudodifferential operators Il

A: S, (RY) — S, (RY) is well defined and continuous.

A: S, (RY) — S, (RY) pseudodifferential operator. TFAE:
@ A has a linear and continuous extension S (R?) — S,,(R?).

Q 3IK(x,y) € S,(R?) s.t.

Aux) = | K(x,y)u(y)dy, ueS,(RY).
Rd

Definition (w-regularizing)

R: S,(RY) — S, (RY) pseudodifferential operator satisfying (1).
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Symbolic calculus

Definition (Formal sums)

Y jen, &i(X, €) € FGSM if aj(x, £) € C(R®Y) and 3r > 1 s.t.
Vne N3C, > 0 with

e"Pei (Lol

((x, &)yl ©

mw(Xx,£)

DD, 3(x,€)| < C;

for each j € Ny, o, 8 € N¢ and log (@) > Q@Z(%)-
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Symbolic calculus

Definition (Formal sums)

Y jen, &i(X, €) € FGSM if aj(x, £) € C(R®Y) and 3r > 1 s.t.
Vne N3C, > 0 with

e"Pei (Lol

(x, ©)ylatBTn ©

mw(Xx,£)

|Dy D a(x,€)| < C,

for each j € N, , 8 € N¢ and log ({%£2) > Bor (L).

Y ai~> bjitdr>1st. VneN,3C,>0,N, € Nwith

"l (7‘“5'”’)

emw(x,f)
<(X7§)>P(|a+ﬂ\+’v) ’

020> (3 - by)| < G
j<N
for every N > N, , 8 € N9 and log ({X82) > o (M),
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Properties of formal sums

If Y a; € FGS™ then3a € GS]' s.t. a~ 3 a.
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Properties of formal sums

If Y a; € FGS™ then3a € GS]' s.t. a~ 3 a.

Idea: Take o a weight function s.t. w(t'/?) = o(a(t)), t — oc.
Fix ®(x, £) € S, (R??) with compact support; set

X7 ﬂ * L
Wjn(x,6) =1- ¢((An€_)>’ An; = ref o),
’/

and put (jn)n C N: jp/n— oo and j, <j < fni1.
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Properties of formal sums

If Y a; € FGS™ then3a € GS]' s.t. a~ 3 a.

Idea: Take o a weight function s.t. w(t'/?) = o(a(t)), t — oc.
Fix ®(x, £) € S, (R??) with compact support; set

X7 ﬂ * L
W) p(x,€) =1 ¢((An€_)>’ An; = ref o),
’/

and put (jn)n C N: jp/n— oo and j, <j < fni1.

Prove
0o Jny1—1
a(x,&) ==ao(x, ) + > Y Vin(x,0)a(x,£) € GSP~.
n=1 j=jn
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Analysis of kernel

For any s > 0,
As:={(x,y) € R?: |x — y| < s}.

Ifs >0 and a(x,y,&) € GAT™, then

K(ey)i= | e a(x.y. o

satisfies
Q@ K(x,y) € C=(R?¥\ Ay),
@ VA >03C, >0s.t Va,8eNd, (x,y) € R¥\ A,

[a+8]

D2 D2K(x, y)|le ¢t (5 @eten < g,
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Weyl quantization and composition

Theorem
Fora e GA;”’“,

A=P+R,
where, for u € S,,(RY),

Pu = p(x, D)u = (27)~° /R d /R e ep(X 2 ) u(y)dyae.

being p a g/obal symbol :

Z Z ﬁwl 2 19 DYDY a(x, ¥, €)ly=x-
J=0 |B+v|=j
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Weyl quantization and composition

Theorem
Fora e GAZ”“,

A=P+R,
where, for u € S,(RY),

Pu = p(x, D)u = (27)~° /R d /R e ep(X 2 ) u(y)dyae.

being p a g/obal symbol :

Z Z ﬁwl 2 5197 DDy a(X, ¥, €)ly=x-
J=0 [B+r|=)

Corollary (Composition of pseudodifferential operators)
The Weyl symbol Cw of C A o B is equivalent to

(2n) Z Z 5| , 2 1547197 DZ a(x, £)0 DY b(x, €).

J=0 |B+~|=/
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Construction of parametrix

Theorem (Parametrix)

Given w, take o a subadditive weight: w(t'/?) = o(a(t)), t — .
Letp € GS)™ (m > 0) be s.t., for some r > 1,

(i) 3¢ >0:|p(2)| > ce=™ @),V (z) > r;

(i) 3C>0,neN:Vae N, (z) >,

IDp(2)| < Clel(z)~rlel gzes(nla) p(2)).
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Construction of parametrix

Theorem (Parametrix)

Given w, take o a subadditive weight: w(t'/?) = o(a(t)), t — .
Letp € GS)™ (m > 0) be s.t., for some r > 1,

(i) 3c>0:|p(z)| > ce~™) V(z) >r;
(i) 3C>0,neN:Vae N, (z) >,

IDp(2)| < Clel(z)~rlel gzes(nla) p(2)).
Then, 3qg € GSZW :QoP=1I1+R.
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Construction of parametrix

Theorem (Parametrix)

Given w, take o a subadditive weight: w(t'/?) = o(a(t)), t — .
Letp € GS)™ (m > 0) be s.t., for some r > 1,

(i) 3¢ >0:|p(2)| > ce=™ @),V (z) > r;

(i) 3C>0,neN:Vae N, (z) >,

ID°p(2)| < Clel(z)=Flelgnez(mlad)p(2)|.

Then,3q € GSJ™ : Qo P =1+ R.
Corollary (w-regularity)
If p € GSJ satisfies (i) and (ii),

Pu e S,(RY), ue S (RY) = u e S,(RY).
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Construction of parametrix

Theorem (Parametrix)

Given w, take o a subadditive weight: w(t'/?) = o(a(t)), t — .
Letp € GS)™ (m > 0) be s.t., for some r > 1,

(i) 3¢ >0:|p(2)| > ce=™ @),V (z) > r;

(i) 3C>0,neN:Vae N, (z) >,

ID°p(2)| < Clel(z)=Flelgnez(mlad)p(2)|.

Then,3q € GSJ™ : Qo P =1+ R.
Corollary (w-regularity)
If p € GSJ satisfies (i) and (ii),

Pu e S,(RY), ue S (RY) = u e S,(RY).

Twisted Laplacian

L= (Dx- %y)z +(Dy + %x)z.

V. Asensio Global WFS in ultradifferentiable classes




Construction of parametrix

Example for Gevrey weights w(f) =14, 0<a<

Take

git)=e™"”  0<a<1, m>0, t>1;
(2)2=1+]z>, zeR*.
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Construction of parametrix

Example for Gevrey weights w(f) =14, 0<a<

Take
git)=e™"”  0<a<1, m>0, t>1;
uiz)=(22=1+4|z?, zeR?.
p(z) = g(u(z)) =e™?*  0<a<1, m>0, zeR?*.
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Construction of parametrix

Example for Gevrey weights w(f) =14, 0<a<

Take
git)=e™"”  0<a<1, m>0, t>1;
uiz)=(22=1+4|z?, zeR?.
p(z) = g(u(z)) =e™?*  0<a<1, m>0, zeR?*.

Estimate for its derivatives
3C =16d(1 + m)(a/2+1)e > 0 s.t.

D°p(2)| < Cl*lal(z)=(~2|p(z)], aeNj?, zeR*.
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Construction of parametrix

Example for Gevrey weights w(f) =14, 0<a<

Take
git)=e™"”  0<a<1, m>0, t>1;
uiz)=(22=1+4|z?, zeR?.
p(z) = g(u(z)) =e™?*  0<a<1, m>0, zeR?*.

Estimate for its derivatives
3C =16d(1 + m)(a/2+1)e > 0 s.t.

D°p(2)| < Cl*lal(z)=(~|p(z)], aeNj?, zeR*.

p satisfies (i) and (ii), where p =1 — a.
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Construction of parametrix

Example for Gevrey weights w(f) =14, 0<a<

Take
git)=e™"”  0<a<1, m>0, t>1;
uiz)=(22=1+4|z?, zeR?.
p(z) = g(u(z)) =e™?*  0<a<1, m>0, zeR?*.

Estimate for its derivatives
3C =16d(1 + m)(a/2+1)e > 0 s.t.

D°p(2)| < Cl*lal(z)=(~|p(z)], aeNj?, zeR*.

p satisfies (i) and (ii), where p := 1 — a.
p € GSI «< w(t!/r) = t8/(178) = o(t), t — cc.
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Construction of parametrix

Example for Gevrey weights w(f) =14, 0<a<

Take
git)=e™"”  0<a<1, m>0, t>1;
uiz)=(22=1+4|z?, zeR?.
p(z) = g(u(z)) =e™?*  0<a<1, m>0, zeR?*.

Estimate for its derivatives
3C =16d(1 + m)(a/2+1)e > 0 s.t.

D°p(2)| < Cl*lal(z)=(~|p(z)], aeNj?, zeR*.

p satisfies (i) and (ii), where p := 1 — a.
p € GSI « w(t'/P) = t3/(178) = o(t), t — c0. Hence, a < 1/2.
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The Weyl wave front set

Definition (non-characteristic point)

Givena € GS™, 75 € R29\ {0} is non-characteristic for a if
3 Gevrey weight o with w(t'/?) = o(a(t)), t — oo, Cy, Ca > 0,
neN, r> 1, and open conic setT C R??\ {0} withzy € T s.t.
(") la(2)| > C1e™®), Yz el,|z| > r;
(i) |D*a(z)| < Cl?l(z)—rlelghes(rlal)|a(z)),

VaeNd zeT,|z|>r.
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The Weyl wave front set

Definition (non-characteristic point)

Givena € GS™, 75 € R29\ {0} is non-characteristic for a if
3 Gevrey weight o with w(t'/?) = o(a(t)), t — oo, Cy, Ca > 0,
neN, r> 1, and open conic setT C R??\ {0} withzy € T s.t.
(") la(2)| > C1e™®), Yz el,|z| > r;
(i) |D*a(z)| < Cl?l(z)—rlelghes(rlal)|a(z)),

VaeNd zeT,|z|>r.

Definition (conic support)

Letu e S (R?) and z € R29\ {0}. We say z € conesupp (u) if
every conic setT C R?9\ {0} containing z satisfies

supp (u) N T not compact in R?.
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The Weyl wave front set

Definition (non-characteristic point)

Givena € GS™, 75 € R29\ {0} is non-characteristic for a if
3 Gevrey weight o with w(t'/?) = o(a(t)), t — oo, Cy, Ca > 0,
neN, r> 1, and open conic setT C R??\ {0} withzy € T s.t.
(") la(2)| > C1e™®), Yz el,|z| > r;
(i) |D*a(z)| < Cl?l(z)—rlelghes(rlal)|a(z)),

VaeNd zeT,|z|>r.

Definition (conic support)

Letu e S (R?) and z € R29\ {0}. We say z € conesupp (u) if
every conic setT C R?9\ {0} containing z satisfies

supp (u) N T not compact in R?.

For ae GSJ™, R2?\ {0} = conesupp (&) U char (a). J




The Weyl wave front set

Definition

Letu € S(RY) and 0 < p < 1. z5 € R29\ {0} is not in WF%(u)
if 3me R and a € GSJ™ s.t. a%(x, D)u € S,(R?) and z, is
non-characteristic for a.
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The Weyl wave front set

Definition

Letu € S(RY) and 0 < p < 1. z5 € R29\ {0} is not in WF%(u)
if 3me R and a € GSJ™ s.t. a%(x, D)u € S,(R?) and z, is
non-characteristic for a.

Definition (p-regular weight)
w is p-regular ifYm € R 3a € GS; s.t. for some Gevrey weight
o with w(t'/?) = o(o(t)),t — oo, C1,Co > 0, n € N,
(i) |a(z)| > C1€™3), vV |z| large enough;
(it) |D"a(z)| < CF(2)~#lelenv? (oD |a(2)),
Va € N29, |z| large enough.
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The Weyl wave front set

Definition

Letu € S(RY) and 0 < p < 1. z5 € R29\ {0} is not in WF%(u)
if 3me R and a € GSJ™ s.t. a%(x, D)u € S,(R?) and z, is
non-characteristic for a.

Definition (p-regular weight)
w is p-regular ifYm € R 3a € GS; s.t. for some Gevrey weight
o with w(t'/?) = o(o(t)),t — oo, C1,Co > 0, n € N,
(i) |a(z)| > C1€™3), vV |z| large enough;
(it) |D"a(z)| < CF(2)~#lelenv? (oD |a(2)),
Vo € N29, |z| large enough.

Q w(t)=1t30<a<1/2,is (1 — a)-regular.
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The Weyl wave front set

Definition

Letu € S(RY) and 0 < p < 1. z5 € R29\ {0} is not in WF%(u)
if 3me R and a € GSJ™ s.t. a%(x, D)u € S,(R?) and z, is
non-characteristic for a.

Definition (p-regular weight)
w is p-regular ifYm € R 3a € GS; s.t. for some Gevrey weight
o with w(t'/?) = o(o(t)),t — oo, C1,Co > 0, n € N,
) |a(z)| > C1e™®), V|z| large enough;
) ID*a(2)| < Cf(2)~rllens3(rlol|o(2),
Vo € N29, |z| large enough.

Q w(t)=1t30<a<1/2,is (1 — a)-regular.
Q w(t) =log(1+1t)is p-regular,0 < p < 1.
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Equality of wave front sets

Letw be a p-regular weight function, for some 0 < p < 1. Then,

WF,(u) C WF%(u),  u e S,(RY).

V. Asensio Global WFS in ultradifferentiable classes



Equality of wave front sets

Letw be a p-regular weight function, for some 0 < p < 1. Then,
WF,(u) C WF%(u),  u e S,(RY).
Letw be a weight function. If for some 0 < p <1,
w(t'?y =o(a(t)) and o(t'*7/2) = O((1)), t— oo, (%)
for some Gevrey weight o and some weight v, then,
WF%(u) C WF,(u),  u e S,(RY).
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Equality of wave front sets

Letw be a p-regular weight function, for some 0 < p < 1. Then,
WF,(u) C WF%(u),  u e S,(RY).
Letw be a weight function. If for some 0 < p <1,
w(t'?y =o(a(t)) and o(t'*"/2) = O((t)), t— oo, (%)
for some Gevrey weight o and some weight v, then,
WF%(u) C WF,(u),  u e S,(RY).

Weight functions satisfying the equality of WFS

Consider w(t) = t?, where 0 < a < 5—§W( < 3).
Enough: o(t) = t? and (t) = t°, where

1f <b<£ b(¥)<c<1.
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Regularity of Weyl quantizations

Let w be a p-regular weight function, a € GSZ”W. Then,

WF}(a"(x, D)u) € WF}(u) N conesupp (a)
C WF¥(u) € WF;(a"(x, D)u) U char (a),

Vu e S (RY).
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Regularity of Weyl quantizations

Let w be a p-regular weight function, a € GSZ”W. Then,

WF}(a"(x, D)u) € WF}(u) N conesupp (a)
C WF¥(u) € WF;(a"(x, D)u) U char (a),

Vu e S (RY).

Corollary
Letw be a p-regular weight function with (x), a € GS;™*. Then,

WF/, (a"(x, D)u) € WF/ (u) N conesupp (a)
C WF,,(u) € WF,,(a"(x, D)u) U char (a),

Yu e S, (RY).

’
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