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Weight functions

Definition (Braun, Meise, Taylor)

A non-quasianalytic weight function ω : [0,+∞[→ [0,+∞[ is
continuous and increasing, satisfying

(α) ∃ L > 1 : ω(2t) ≤ L(ω(t) + 1), ∀ t ≥ 0;

(β)
∫ ∞

1

ω(t)
t2 dt < +∞;

(γ) log(t) = o(ω(t)), t →∞;

(δ) ϕω : t 7→ ω(et ) convex.
ω to Cd : ω(ξ) = ω(|ξ|), ξ ∈ Cd .

Gevrey weights: ω(t) = ta, 0 < a < 1.

Definition (Young conjugate)

ϕ∗ω : [0,+∞[→ [0,+∞[, ϕ∗ω(t) := sup
s≥0
{st − ϕω(s)}.
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Ultradifferentiable functions of Beurling type

S(Rd ) :=
{

u ∈ C∞(Rd ) : sup
x∈Rd

∣∣xβDαu(x)
∣∣ < +∞, α, β ∈ Nd

0

}
.

Definition

Let u ∈ S(Rd ). Then u ∈ Sω(Rd ) if ∀λ > 0 ∃Cλ > 0 :

sup
α,β∈Nd

0

sup
x∈Rd

|xβDαu(x)|e−λϕ
∗
ω

(
|α+β|
λ

)
≤ Cλ.

Alternatively, ∀λ > 0 ∃Cλ > 0 :

sup
α∈Nd

0

sup
x∈Rd

|Dαu(x)|e−λϕ
∗
ω

(
|α|
λ

)
eλω(x) ≤ Cλ.

S ′ω(Rd ) is the dual of Sω(Rd ).
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Time-frequency analysis

Definition (Short-time Fourier transform)

Let u ∈ S ′ω(Rd ) and 0 6= ψ ∈ Sω(Rd ) be a window function.

Vψu(z) := 〈u,Π(z)ψ〉 =

∫
Rd

e−it ·ξψ(t − x)u(t)dt ,

for z = (x , ξ) ∈ R2d , where Π(z)ψ := ei·ξψ(· − x).

Theorem (Gröchenig, Zimmermann)

Let u ∈ S ′ω(Rd ) and 0 6= ψ ∈ Sω(Rd ). TFAE:
1 u ∈ Sω(Rd ).

2 ∀λ > 0 ∃Cλ > 0 :

sup
z∈R2d

eλω(z)|Vψu(z)| ≤ Cλ.

3 Vψu ∈ Sω(R2d ).
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Global wave front sets in the ultradifferentiable setting

Definition (The ω-wave front set)

Let u ∈ S ′ω(Rd ) and 0 6= ψ ∈ Sω(Rd ). z0 ∈ R2d \ {0} is not in
WF′ω(u) if ∃ Γ ⊆ R2d \ {0} open conic set, z0 ∈ Γ, s.t.

sup
z∈Γ

eλω(z)|Vψu(z)| < +∞, λ > 0.

Definition (The ω-Gabor wave front set)

Let u ∈ S ′ω(Rd ), 0 6= ψ ∈ Sω(Rd ) and Λ = α0Zd × β0Zd with
α0, β0 > 0 small enough. z0 ∈ R2d \ {0} is not in WFG

ω (u) if
∃ Γ ⊆ R2d \ {0} open conic set, z0 ∈ Γ, s.t.

sup
σ∈Λ∩Γ

eλω(σ)|Vψu(σ)| < +∞, λ > 0.

Theorem (Boiti, Jornet, Oliaro)

ω subadditive ⇒ WF′ω(u) = WFG
ω (u), u ∈ S ′ω(Rd ).
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Inclusions for LPDO

LPDO P(x ,D) satisfying

WF′ω(P(x ,D)u) ⊆WF′ω(u), u ∈ S ′ω(Rd ).

Boiti, Jornet, Oliaro

P(x ,D) =
∑

|α+β|≤m

cαβxαDβ

for some m ∈ N, where cαβ ∈ C.

A., Boiti, Jornet, Oliaro

P(x ,D) =
∑
|γ|≤m

aγ(x)Dγ

for some m ∈ N, where aγ ∈ Sω(Rd ).
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Pseudodifferential operators

Definition (Global symbol)

a ∈ GSm,ω
ρ (m ∈ R,0 < ρ ≤ 1) if a ∈ C∞(R2d ) : ∀λ > 0 ∃Cλ > 0,

|Dα
x Dβ

ξ a(x , ξ)| ≤ Cλ〈(x , ξ)〉−ρ|α+β|eλρϕ
∗
ω

(
|α+β|
λ

)
emω(x ,ξ),

∀α, β ∈ Nd
0 , x , ξ ∈ Rd , where 〈(x , ξ)〉 :=

√
1 + |x |2 + |ξ|2.

Definition (Pseudodifferential operator)

Given a ∈ GSm,ω
ρ ,

Au(x) =

∫
Rd

eix ·ξa(x , ξ)û(ξ)dξ, u ∈ Sω(Rd ).
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eix ·ξa(x , ξ)û(ξ)dξ, u ∈ Sω(Rd ).

V. Asensio Global WFS in ultradifferentiable classes



Pseudodifferential operators II

Definition (Global amplitude)

a ∈ GAm,ω
ρ if a ∈ C∞(R3d ) : ∀λ > 0 ∃Cλ > 0,

|Dα
x Dβ

y Dγ
ξ a(x , y , ξ)|

≤ Cλ

( 〈x − y〉
〈(x , y , ξ)〉

)ρ|α+β+γ|
eλρϕ

∗
ω

(
|α+β+γ|

λ

)
emω(x ,y ,ξ),

∀α, β, γ ∈ Nd
0 , x , y , ξ ∈ Rd .

Definition (Pseudodifferential operator)

Given a ∈ GAm,ω
ρ ,

Au(x) =

∫
Rd

∫
Rd

ei(x−y)·ξa(x , y , ξ)u(y)dydξ, u ∈ Sω(Rd ).
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Pseudodifferential operators III

Theorem

A : Sω(Rd )→ Sω(Rd ) is well defined and continuous.

Proposition

A : Sω(Rd )→ Sω(Rd ) pseudodifferential operator. TFAE:
1 A has a linear and continuous extension S ′ω(Rd )→ Sω(Rd ).
2 ∃K (x , y) ∈ Sω(R2d ) s.t.

Au(x) =

∫
Rd

K (x , y)u(y)dy , u ∈ Sω(Rd ).

Definition (ω-regularizing)

R : Sω(Rd )→ Sω(Rd ) pseudodifferential operator satisfying (1).
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Symbolic calculus

Definition (Formal sums)∑
j∈N0

aj(x , ξ) ∈ FGSm,ω
ρ if aj(x , ξ) ∈ C∞

(
R2d) and ∃ r ≥ 1 s.t.

∀n ∈ N ∃Cn > 0 with

∣∣Dα
x Dβ

ξ aj(x , ξ)
∣∣ ≤ Cn

enρϕ∗ω
(
|α+β|+j

n

)
〈(x , ξ)〉ρ(|α+β|+j) emω(x ,ξ)

for each j ∈ N0, α, β ∈ Nd
0 and log

( 〈(x ,ξ)〉
r

)
≥ n

j ϕ
∗
ω

( j
n

)
.

∑
aj ∼

∑
bj if ∃ r ≥ 1 s.t. ∀n ∈ N, ∃Cn > 0,Nn ∈ N with

∣∣∣Dα
x Dβ

ξ

∑
j<N

(aj − bj)
∣∣∣ ≤ Cn

enρϕ∗ω
(
|α+β|+N

n

)
〈(x , ξ)〉ρ(|α+β|+N)

emω(x ,ξ),

for every N ≥ Nn, α, β ∈ Nd
0 and log

( 〈(x ,ξ)〉
r

)
≥ n

Nϕ
∗
ω

(N
n

)
.
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Properties of formal sums

Theorem
If
∑

aj ∈ FGSm,ω
ρ then ∃a ∈ GSm,ω

ρ s.t. a ∼
∑

aj .

Idea: Take σ a weight function s.t. ω
(
t1/ρ) = o

(
σ(t)

)
, t →∞.

Fix Φ(x , ξ) ∈ Sσ
(
R2d) with compact support; set

Ψj,n(x , ξ) := 1− Φ
((x , ξ)

An,j

)
, An,j = re

n
j ϕ
∗
ω( j

n )
,

and put (jn)n ⊂ N: jn/n→∞ and jn ≤ j < jn+1.
Prove

a(x , ξ) := a0(x , ξ) +
∞∑

n=1

jn+1−1∑
j=jn

Ψj,n(x , ξ)aj(x , ξ) ∈ GSm,ω
ρ .
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Analysis of kernel

For any s > 0,

∆s :=
{

(x , y) ∈ R2d : |x − y | < s
}
.

Theorem
If s > 0 and a(x , y , ξ) ∈ GAm,ω

ρ , then

K (x , y) :=

∫
Rd

ei(x−y)·ξa(x , y , ξ)dξ

satisfies
1 K (x , y) ∈ C∞

(
R2d \∆s

)
,

2 ∀λ > 0 ∃Cλ > 0 s.t. ∀α, β ∈ Nd
0 , (x , y) ∈ R2d \∆s,

|Dα
x Dβ

ξ K (x , y)|e−λϕ
∗
ω

(
|α+β|
λ

)
eλω(x ,y) ≤ Cλ.
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Weyl quantization and composition

Theorem
For a ∈ GAm,ω

ρ ,
A = P + R,

where, for u ∈ Sω(Rd ),

Pu = pw (x ,D)u = (2π)−d
∫
Rd

∫
Rd

ei(x−y)·ξp
(x + y

2
, ξ
)

u(y)dydξ,

being p a global symbol:

p(x , ξ) ∼
∞∑

j=0

∑
|β+γ|=j

(−1)|β|

β!γ!
2−|β+γ|∂β+γ

ξ Dβ
x Dγ

y a(x , y , ξ)|y=x .

Corollary (Composition of pseudodifferential operators)
The Weyl symbol cw of C = A ◦ B is equivalent to

(2π)d
∞∑

j=0

∑
|β+γ|=j

(−1)|β|

β!γ!
2−|β+γ|∂γξ Dβ

x a(x , ξ)∂βξ Dγ
x b(x , ξ).
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Construction of parametrix
Theorem (Parametrix)

Given ω, take σ a subadditive weight: ω(t1/ρ) = o(σ(t)), t →∞.
Let p ∈ GSm,ω

ρ (m ≥ 0) be s.t., for some r ≥ 1,
(i) ∃c > 0 : |p(z)| ≥ ce−mω(z), ∀〈z〉 ≥ r ;
(ii) ∃C > 0,n ∈ N : ∀α ∈ N2d

0 , 〈z〉 ≥ r ,

|Dαp(z)| ≤ C|α|〈z〉−ρ|α|e
1
nϕ
∗
σ(n|α|)|p(z)|.

Then, ∃q ∈ GSm,ω
ρ : Q ◦ P = I + R.

Corollary (ω-regularity)

If p ∈ GSm,ω
ρ satisfies (i) and (ii),

Pu ∈ Sω(Rd ), u ∈ S ′ω(Rd )⇒ u ∈ Sω(Rd ).

Twisted Laplacian

L =
(

Dx −
1
2

y
)2

+
(

Dy +
1
2

x
)2
.
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Construction of parametrix II

Example for Gevrey weights ω(t) = ta, 0 < a < 1

Take

g(t) = emta/2
, 0 < a < 1, m ≥ 0, t ≥ 1;

u(z) = 〈z〉2 = 1 + |z|2, z ∈ R2d .

p(z) := g(u(z)) = em〈z〉a , 0 < a < 1, m ≥ 0, z ∈ R2d .

Estimate for its derivatives
∃C = 16d(1 + m)(a/2 + 1)e > 0 s.t.

|Dαp(z)| ≤ C|α|α!〈z〉−|α||p(z)|, α ∈ N2d
0 , z ∈ R2d .

p satisfies (i) and (ii), where ρ := 1− a.
p ∈ GSm,ω

ρ ⇐ ω(t1/ρ) = ta/(1−a) = o(t), t →∞. Hence, a < 1/2.
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The Weyl wave front set

Definition (non-characteristic point)

Given a ∈ GSm,ω
ρ , z0 ∈ R2d \ {0} is non-characteristic for a if

∃Gevrey weight σ with ω(t1/ρ) = o(σ(t)), t →∞, C1,C2 > 0,
n ∈ N, r ≥ 1, and open conic set Γ ⊆ R2d \ {0} with z0 ∈ Γ s.t.
(i’) |a(z)| ≥ C1emω(z), ∀z ∈ Γ, |z| ≥ r ;

(ii’) |Dαa(z)| ≤ C|α|2 〈z〉
−ρ|α|e

1
nϕ
∗
σ(n|α|)|a(z)|,

∀α ∈ N2d
0 , z ∈ Γ, |z| ≥ r .

Definition (conic support)

Let u ∈ S ′ω(R2d ) and z ∈ R2d \ {0}. We say z ∈ conesupp (u) if
every conic set Γ ⊆ R2d \ {0} containing z satisfies

supp (u) ∩ Γ not compact in R2d .

For a ∈ GSm,ω
ρ , R2d \ {0} = conesupp (a) ∪ char (a).
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The Weyl wave front set II

Definition

Let u ∈ S ′ω(Rd ) and 0 < ρ ≤ 1. z0 ∈ R2d \ {0} is not in WFωρ (u)

if ∃m ∈ R and a ∈ GSm,ω
ρ s.t. aw (x ,D)u ∈ Sω(Rd ) and z0 is

non-characteristic for a.

Definition (ρ-regular weight)

ω is ρ-regular if ∀m ∈ R ∃a ∈ GSm,ω
ρ s.t. for some Gevrey weight

σ with ω(t1/ρ) = o(σ(t)), t →∞, C1,C2 > 0, n ∈ N,
(i’) |a(z)| ≥ C1emω(z), ∀|z| large enough;

(ii’) |Dαa(z)| ≤ C|α|2 〈z〉
−ρ|α|e

1
nϕ
∗
σ(n|α|)|a(z)|,

∀α ∈ N2d
0 , |z| large enough.

1 ω(t) = ta, 0 < a < 1/2, is (1− a)-regular.
2 ω(t) = log(1 + t) is ρ-regular, 0 < ρ ≤ 1.
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Equality of wave front sets

First inclusion
Let ω be a ρ-regular weight function, for some 0 < ρ ≤ 1. Then,

WF′ω(u) ⊆WFωρ (u), u ∈ S ′ω(Rd ).

Second inclusion
Let ω be a weight function. If for some 0 < ρ ≤ 1,

ω(t1/ρ) = o(σ(t)) and σ(t1+ρ/2) = O(γ(t)), t →∞, (∗)

for some Gevrey weight σ and some weight γ, then,

WFωρ (u) ⊆WF′ω(u), u ∈ S ′ω(Rd ).

Weight functions satisfying the equality of WFS

Consider ω(t) = ta, where 0 < a < 5−
√

17
2

(
� 1

2

)
.

Enough: σ(t) = tb and γ(t) = tc , where
a

1− a
< b <

2
3− a

b
(3− a

2

)
< c < 1.
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Regularity of Weyl quantizations

Theorem
Let ω be a ρ-regular weight function, a ∈ GSm,ω

ρ . Then,

WFωρ (aw (x ,D)u) ⊆WFωρ (u) ∩ conesupp (a)

⊆WFωρ (u) ⊆WFωρ (aw (x ,D)u) ∪ char (a),

∀u ∈ S ′ω(Rd ).

Corollary

Let ω be a ρ-regular weight function with (∗), a ∈ GSm,ω
ρ . Then,

WF′ω(aw (x ,D)u) ⊆WF′ω(u) ∩ conesupp (a)

⊆WF′ω(u) ⊆WF′ω(aw (x ,D)u) ∪ char (a),

∀u ∈ S ′ω(Rd ).
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