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In the study of analytic problems at regular points, analytic solutions
(convergent power series) generically exist. It is at singular points where formal
(divergent) solutions appear.

Example (Irregular singularities of ODEs)
The equation

B e - A

admits a unique formal power series solution j = > >  anz", when A(0) is
invertible. It generically holds that

lan| < CA™IY/P.
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Example (Singularly perturbed problems)

The doubly singular equation
a1 (0,0 = Fla,e,y) = ole,0) + Alw, y +--
x

as before has a unique formal solution

oo
g(z,e) = Z an,ma" €™, |t m| < CA™ ™ min{n!"/? m!*/7}.

n,m=0

Example (PDEs with normal crossings)
Ly = M210s, +++ + Xa®d 0y, 7" 23" La(y) = F(2,y),

jas] < CA min{By1/, . Bt o),
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The correct source of divergence

In these type of problems a correct choice of the main variable gives the source
of divergence of the solution.

In general, working in (C%,0) with coordinates (z1,...,xaq), fix a germ
P € C{z} with P(0) = 0.

Roughly speaking, f € Cl[x]] is a P-s—Gevrey series if we can write

f= Z fu(z)P(z)", where sup |fn(z)] < CA™n!®.

x€D
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In these type of problems a correct choice of the main variable gives the source
of divergence of the solution.

In general, working in (C%,0) with coordinates (z1,...,xaq), fix a germ
P € C{z} with P(0) = 0.

Roughly speaking, f € Cl[x]] is a P-s—Gevrey series if we can write

f= Z fu(z)P(z)", where sup |fn(z)] < CA™n!®.

x€D
For the case P(xz) = z® this precisely means that
lag| < CAP I min{g!1/*1, ..., Bal*/*d}.

» J. Mozo-Ferndndez and R. Schifke, Asymptotic expansions and summability with respect to
an analytic germ, Publ. Mat., 63, 3-79 (2019).
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Families of singular PDEs

Theorem (2020)
Consider the analytic PDE

PL)@) = Pe) (@) 2+ + aule) g2 ) = Flavy),
where z € (C%,0), y € CV, F(0,0) = 0 and D, F(0,0) is invertible. If
P divides L(P),
the equation has a unique solution 3 € C[[z]]™ which is 1-Gevrey in P.

» S.A. Carrillo, A. Lastra. Formal Gevrey solutions - in analytic germs - for higher order
holomorphic PDEs. Math. Ann. (2022) doi 10.1007 /s00208-022-02393-w.
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Singularly perturbed and doubly singular ODEs

Consider

0
Q"' = P, c.y).

» For k = —1, Q(0) =0, choose
P=Q(e), L=0,, L(P)=0, Q(e)-1-Gevrey solution.
» For k > 0, take
P=2"Q(e), L =28, L(P)=kz"Q(e), z"Q(e)-1-Gevrey solution.

This recovers the well-known case Q(€) = €.
» Canalis-Durand M., Ramis J.P., Schifke R., Sibuya Y. Gevrey solutions of singularly
perturbed differential equations. J. Reine Angew. Math, vol. 518, (2000) 95-129.

» Canalis-Durand M., Mozo-Ferndndez J., Schifke R. Monomial summability and doubly
singular differential equations. J. Differential Equations, vol. 233, (2007) 485-511.
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A simple strategy: lifting the dimension by one

Set W(J;, t) =D 00 Ynt", where g(z) =307 yn P", ie,

—

y(z) = W(z, P(z)).
We can assume the equation takes the form
P L(y) = go(x) + Bo(x)y + Ho(z,y), (1)

where go = P - ho and Bo(x) is invertible at = 0. Then, observe that

P L@) =Y Llyn)P"™ + ¢ nyn P™ = (tL + ¢t°8,) (W) o
n=1 =
where L(P) = ¢ - P. Therefore, ¥ solves (1) if and only W solves
Bo(z)W = —ho - t + (tL + ¢(x)t°0,) W — Ho(z, W). (2)

Classical theorems shows (2) has a unique solution W(ut) which is 1-Gevrey.

» Gérard R., Tahara H.: Singular nonlinear partial differential equations. Aspects of
Mathematics. E28. Wiesbaden: Vieweg. viii (1996).
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The Nagumo norms oetann 8

The classical Nagumo norms are defined for f € O(D,) and m € N as

(r — )™

[fllm = sup |f(z)

|z|<r

These are useful to establish convergence/Gevrey type of solutions of
differential equations and singularly perturbed problems.

LA+ gllm < A1 fllm + lgllm and [|fgllmtr < [[fllmllgllx-
WA N gr < elmt D1f .

> Nagumo M. Uber das anfangswertproblem partieller differentialgleichunge, Jap. J. Math. 18
(1942), 41-47.

» Canalis-Durand M., Ramis J.P., Schafke R., Sibuya Y. Gevrey solutions of singularly
perturbed differential equations. J. Reine Angew. Math, vol. 518, (2000) 05-129.
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An example from analytic flows

anvERSH

Let X = (X1,...,X,) € C{z}" be a vector field in (C",0). The dynamics of
X is determined through its flow ¢x (¢, z), which is the solution of the
differential equation

Ohpx(t,z) = X(px(t,2)), ¢x(0,2) = 2. (3)
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An example from analytic flows

Let X = (X1,...,X,) € C{z}" be a vector field in (C",0). The dynamics of
X is determined through its flow ¢x (¢, z), which is the solution of the
differential equation

Ohopx(t,z) = X(ox(t,2)), ox(0,2) = z. (3)
Consider the auxiliary problem
Orw(t,z) = Dw(t, z) - X(z), w(0,z) = z.

Setting
oo tm
wt,2) = 3 onla)
m=

we find @o(2) = w(0,2) =2, @m+1(2) = D.pm(2) - X(2), m>0.
Therefore o, (2) = X™(id)(2) = (X" (21), ..., X ™ (2n)).
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Considering

o0 Tm
W) i= 3 lemlm

m=0

D -
we see that IPmtillmis o [IDemllmery o o oonor ey Nomllm
(m+ 1)! (m+ 1)1 ml
H(p;;;'”m S HS@O”OOC"L7 = ’I’l@’f'n7] HXHO
Theorem

The problem (3) admits a unique analytic solution ¢x (t,z) € C{t,z}" which is
given by the Lie series
- m m tnl
¢)X(t7z) = Z(X (Zl)a X (Z”))@

m=0

» Carrillo S. A. A quick proof of the regularity of the flow of analytic vector fields, C. R.
Mathématique (2021) 359(9), 1155-1159.
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Let M = (My)nen be a sequence of positive numbers. We consider the
following conditions:

1. (Log-convexity) M2 < M, _1M, for all n € Nxug, i.e., mis a
non-decreasing sequence.

2. (Moderate growth) My, 4, < A" ™M, M,, for all n,m € N, for some
constant A > 0.

Recall that moderate growth implies the existence of §, A > 0 with

M, < A™nl°.
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M-series in a monomial

The natural extension would be to say that f is a M —series in the monomial
x® if there is 7 > 0 and B, D > 0 such that

||f0¢,n” S DB”]\/[,L, n e N

Assuming that M has moderate growth, this is equivalent to the existence of
C, B > 0 satisfying

lag| < CBP min(M}/*, .. M), BeN”
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M-series in a monomial

The natural extension would be to say that f is a M —series in the monomial
x® if there is 7 > 0 and B, D > 0 such that

||f0¢,n” S DB”]\/[,L, n e N

Assuming that M has moderate growth, this is equivalent to the existence of
C, B > 0 satisfying

lag| < CB® min(My/*, ..., M/*4), B eN
What happens if not? For instance,

Z\/[*n _ qn,2/2’ qn(n—l)/Q’ q"(n'H)/Q,
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Review on g-calculus

This type of Calculus replaces the usual derivative by the discrete analogue

flgz) — f(x)7

dg(f)(z) = pr— qeC\{0,1}.

In this framework we have g-analogues to classical coefficients, functions and
analytic equations.

These are expected to be confluent to the usual versions as ¢ — 1.
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Review on g-calculus

This type of Calculus replaces the usual derivative by the discrete analogue

f(gqz) — f(:c)7

dg(f)(z) = pr— qeC\{0,1}.

In this framework we have g-analogues to classical coefficients, functions and
analytic equations.

These are expected to be confluent to the usual versions as ¢ — 1.

Another operator that is more common in the literature is
aq(y)(2) := y(gz).

» J. Cano, P. Fortuny-Ayuso, Power series solutions of non-linear g-difference equations and
the Newton-Puiseux Polygon (2012) arxiv.org/abs/1209.0295.

» C. Zhang, Sur un théoréme du type de Maillet-Malgrange pour les équations
g-différences-différentielles, Asymptot. Anal. 17, no. 4, 309-314 (1998).

» L. Di Vizio, Ch. Zhang, On g—summation and confluence, Ann. Inst. Fourier 59, No. 1,
347-392 (2009).
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The g-Taylor formula

If n € N, then

o (qx)n _xn
W)= e T

Therefore, for any formal power series f(x) € C[[z]] and |g| # 0,1 we have that

@y =3 MO 2l
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The non-singular case

Theorem
Let ¢ > 0 where q # 1. The problem

dy(y)(@) = al@)y(z) + b(x)y(ga) +c(z),  y(0) = yo, (4)

where a,b,c € C{x} has a unique analytic solution § € C{z}.
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The non-singular case

Theorem
Let ¢ > 0 where q # 1. The problem

dq(y)(z) = a(z)y(z) + b(z)y(qz) + c(z),  y(0) = wo, (4)

where a,b,c € C{x} has a unique analytic solution § € C{x}.

Example (g-exponential maps)

L@ =y@),  y(0) =1, =3
L@ =ylar),  y0) =1, =

n=0
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g-Euler's equation B (6
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Consider the g-analogue to Euler's equation
2?dyy(x) + y(z) = =.

It has a unique formal solution

which is divergent for ¢ > 1. In fact, note that

n<[n], <ng" ', n! < [n]y! < nlg""1/2,
Letting ¢ — 17, Ey(z) — E(z) := 3% (=1)"n'z" 1.
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Consider the problem
zoq(y)(z) =y(z) — L.
It has the unique formal power series solution
Z qn(nfl)/2xn.
n=0

In terms of dy we have the problem

(a = Dady(y)(z) = (1 - z)y(z) - 1.

In the limit ¢ — 17, the solution becomes the geometric series.
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q-Gevrey series oD

Let s > 0and ¢ > 1. A series f = >.°° ana™ € C[[z]] is g-s-Gevrey if there
are B, D > 0 with

lan| < DB"™ (q"2/2>s, n € N.

We have the limit

= 1)

n——+oo
k=1
For a fixed ¢ > 1, up to a change in the constants, we request that

lan| < CA™([n]g")?, n € N.

18
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The g-analogues to the initial problems B
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Fix ¢ > 1. We consider the g-analogues

6x2dq71y(1¢, 6) = C(:Ca 6) + A({E, E)y +ee
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The g-analogues to the initial problems B
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Fix ¢ > 1. We consider the g-analogues

6x2dq71y(1¢, 6) = C(iC, 6) + A({E, E)y +ee

What is the type of divergence of the unique formal power series solution of

each one of them?
In the variable = (1) we have a similar behavior as in the differential case:

|an.m| < CA™ ™ [n],).
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The type of series involved 20
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Writing § = > >°_, um ()€™, if we start with
U()(:L') € Ob(DT), then Um (l) € Ob(Dr/qm).

In fact,

x2dq(um71)(x) = Com () + Aso(T)um () + Z Awmi()uj(x) 4+ - .

7=0
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The g-Nagumo norms

Motivated by the nature of the problem, we consider the following variation:

forg>1,neN, and f € O(D,/qn), let

[flln = sup [f(z)[(r—q"[=])"
|z|<r/qm

In this case,
LS +glln <1 flln + llglln and [[fgllnsm < (| fllnllgllm-

W ldg (F)lln1 < eq™ (4 1) [ f |-
N flog (Dl < 7l flln-

21
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For the equation ex?d, .y (x, €) = c(z,€) + A(x, )y + - - -, we find using these

norms that

HumHm < ]_%777,,rn!q'm(rﬂ,f1)/27

and taking into account the restriction on the radius, we see that

‘ anm ‘ < K'n+'m q'n,'mm!qrn('mf 1)/2 )
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For the equation ex?d, .y (x, €) = c(z,€) + A(x, )y + - - -, we find using these

norms that
HumHm S I_%rn,rn!q'm(rﬂ,f1)/27
and taking into account the restriction on the radius, we see that
‘an,rn‘ < K'n+'mq'n,'mm!qrn('mf1)/24

In conclusion, the solution exhibits a divergence of type
‘an,m,‘ < Kn+m mln{[n}q' qnmm!qm,(m,—l)/Q}.

Note also the confluence to the usual case as ¢ — 17.
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For the equation ex?d, .y (x, €) = c(z,€) + A(x, )y + - - -, we find using these

norms that
HumHm S Rmm!an(mfl)/Qq
and taking into account the restriction on the radius, we see that

‘ anm ‘ < K'n+'m q'n,'mm!qrn('mf 1)/2 )

In conclusion, the solution exhibits a divergence of type
‘an,m,‘ < Kn+m mln{[n}q' qnmm!qm,(m,—l)/Q}.

Note also the confluence to the usual case as ¢ — 17.
More generally,

|am,m| < CA™™ min{[n]1}/?, g™/ g™ /eIy
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Lifting again

Consider now the g-difference equation
r1z2 (Mi21dg,z, Y + A2T2dg,ny) = c(T1, 22) + A(T1, 22)Y + -+ .

In this case, for P = z1x2, W(m, t)=> 0" ynt", and g(z) = >0 yn P".

Therefore,
P-L(@) =Y Llya) P + [n]g Cayn(gar, 22) + Aayn (21, q2)) P
n=1

The lifted equation is

(tL + (M10g.ay + X200t dg,) (w) = -+ -
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It turns out, using again the g-Nagumo norms that

|an.,m| < Cn+mqmin(n,m)|mfn\ n(n—1)/2 m(mfl)/Z}.

min{nlq ,mlq

This is equivalent to write
oo
:g - ZJU 332)931 - Z um J}] 2
1=0 m=0

and obtain bounds of type

sup |yn(1‘2)| < l('nn!qn('n,fl)/Q7 Sup |u7n(ml)| < K™m! 7n(7n71)/2.

22| < 5 |211< Zhr
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An explicit example? 25

Consider the scalar equation

ex’dy(y) = (1 + )y — =e.

[e%e) [e'e] n—1
§(@,e) =Y yn(e)a" =D um(@)e™,  yal@)=e [[(ile-1).
n=1 m=1 Jj=1
We find that
2
w(e)= oo @) = T de(umo1)(@), m>2
Therefore,
() = - Pa(.q)
m - (1+m)m(1+qm)'rrl—l(1_‘_q2m)rn72,,,(1+qm71m) m ,4q),

where Py, (z,q) € C[z, q].
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— % — o8 (76q15 7t - 3q13)
o 10q15 g — 144" — 8q12 — gt — 3q10)

(-

(5q15 4q +7q +12q '8¢ +6¢° + ¢°)

m5( q 2q —|—8q —|—35q +64q —|—71q —|—61q +40q +19q -
(3q +22q +55q +84q +98q +93q +69q +37q +12q B
(4" +15¢"" + 30¢'° + 44¢° + 54¢° + 50¢" + 34¢° + 18¢° + 8¢* + 2
x“"(q +3¢" +5¢” + 5¢° — 10¢° — 15¢° — 13¢" — 8¢° — 2¢°)

—a(—¢® —4¢" — 11¢° — 18¢° — 21¢" — 18¢" — 104" — 3¢)

+¢° +3¢° +5¢" +6¢° +5¢° + 3¢ + 1,

3
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Thanks for your attention.
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