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@ A crystal is a set of atoms ordered in a periodic way.

@ Dan Schechtman (1980s): ordered atomic structures that are not
periodic. Nobel Prize in Chemistry (2011).
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@ A crystal is a set of atoms ordered in a periodic way.

@ Dan Schechtman (1980s): ordered atomic structures that are not
periodic. Nobel Prize in Chemistry (2011).

@ From the mathematical point of view: Yves Meyer (1970s).
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Fourier quasicrystals

By a Fourier quasicrystal we mean a tempered distribution ;1 € S’(R9) of
the form p = 7, axdx for which i = >~ __¢ bsds, where 0¢ is the mass
point at &, A and S are discrete subsets of RY.

A and S are called respectively the support and the spectrum of .
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Fourier quasicrystals

By a Fourier quasicrystal we mean a tempered distribution ;1 € S’(R9) of
the form p = 7, axdx for which i = >~ __¢ bsds, where 0¢ is the mass
point at &, A and S are discrete subsets of RY.

A and S are called respectively the support and the spectrum of .

A

Poisson summation formula

Given a lattice A = T(Z?), where T is an invertible linear map. Then
1
= 5 m = — 55
b= Y6 == Y6
AEN sen*

where

N = (T N2 = {xeRY: (x,\) €Z VYA€ AL

A
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Dirac combs have a well-defined periodic structure.
Question (Lagarias 2000): Is part of this structure in some sense also
present in Fourier quasicrystals?
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Dirac combs have a well-defined periodic structure.
Question (Lagarias 2000): Is part of this structure in some sense also
present in Fourier quasicrystals?

Definition

A set A C RY is said to be uniformly discrete (u.d.) if there is 6 > 0 such
that |r — s| > 0 whenever s,r € A;s # r.
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Dirac combs have a well-defined periodic structure.
Question (Lagarias 2000): Is part of this structure in some sense also
present in Fourier quasicrystals?

Definition

A set A C RY is said to be uniformly discrete (u.d.) if there is 6 > 0 such
that |r — s| > 0 whenever s,r € A;s # r.

@ If Ais uniformly discrete, a necessary and sufficient condition for the
measure i1 = Y, ax0x to be a tempered distribution is that there
exists some constant N € N such that

|axl = O(IAI")

as |A| goes to infinity.
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Theorem (N. Lev, A. Olevskii, 2015))

If the support and the spectrum of a measure p on R are uniformly
discrete then p is a finite sum of Dirac combs, translated and modulated:

N

K= Z Pi(t) Z5A+9j-

j=1 AEA

A is a lattice and Pj(t) are trigonometric polynomials.
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Theorem (N. Lev, A. Olevskii, 2015))

If the support and the spectrum of a measure p on R are uniformly
discrete then i is a finite sum of Dirac combs, translated and modulated:

N

= Z P;(t) Z Or+0;-

j=1 AEA

A is a lattice and Pj(t) are trigonometric polynomials.

@ The same result is true in RY, under the extra assumption that f is
a positive measure.
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Theorem (N. Lev, A. Olevskii, 2015))

If the support and the spectrum of a measure p on R are uniformly
discrete then i is a finite sum of Dirac combs, translated and modulated:

N

= Z P;(t) Z Or+0;-

j=1 AEA

A is a lattice and Pj(t) are trigonometric polynomials.

@ The same result is true in RY, under the extra assumption that f is
a positive measure.

@ Previous results in this direction: Meyer (1970), A. Cérdoba (1989),
Kolountzakis-Lagarias (1996).
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Example (S. Yu. Favorov, 2016)

A complex measure on R? whose support and spectrum are uniformly
discrete sets but whose support is not contained in a finite union of
translations of a single lattice.
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Example (S. Yu. Favorov, 2016)

A complex measure on R? whose support and spectrum are uniformly
discrete sets but whose support is not contained in a finite union of
translations of a single lattice.

Theorem (V.P. Palamodov, 2017)

Let 0 # pu € S'(RY) be a tempered distribution on R? with support A
and spectrum Y. We assume that the sets A\ - \ and ¥ - ¥ are discrete
sets and one of them is uniformly discrete. Then

N is a finite union of translates of a single lattice L and ¥ is a finite union
of translates of the dual lattice L*. )
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@ Lev, Olevskii (2016): there exists a Fourier quasicrystal whose
support and spectrum are discrete closed sets on the real line but
with the property that the support contains only finitely many
elements of any arithmetic progression. It follows that the support of
{4 can not contain any lattice.
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@ Lev, Olevskii (2016): there exists a Fourier quasicrystal whose
support and spectrum are discrete closed sets on the real line but
with the property that the support contains only finitely many
elements of any arithmetic progression. It follows that the support of

14 can not contain any lattice.

@ Explicit examples of quasicrystals that do not have a structure based
on the Poisson summation formula: P. Kurasov and P. Sarnak
(2020).
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Detect Fourier quasicrystals from the information contained in a joint
time-frequency representation.
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Detect Fourier quasicrystals from the information contained in a joint
time-frequency representation.

e Wigner transform: quantum mechanics (1932); signal analysis (J.
Ville 1948).
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Detect Fourier quasicrystals from the information contained in a joint
time-frequency representation.

e Wigner transform: quantum mechanics (1932); signal analysis (J.
Ville 1948).

Definition

Let f, g € L2(RY) be given. The cross Wigner transform is

W(f, g)(x,w) = / Fx+ 2)glx — 3)e > tdt, x,w € RY,
Rd
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Detect Fourier quasicrystals from the information contained in a joint
time-frequency representation.

e Wigner transform: quantum mechanics (1932); signal analysis (J.
Ville 1948).

Definition

Let f, g € L2(RY) be given. The cross Wigner transform is

W(f, g)(x,w) = / Fx+ 2)glx — 3)e > tdt, x,w € RY,
Rd

o W(f):= W(F,F).
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Properties of the Wigner transform

e Covariant property.
W(T,M,f)(x,w) = WF(x — u,w —n), where

(Tu)(t) = f(t — u), (M,f)(t) = ¥ F(t).

V.

™7 = = =
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@ Moyal's formula.
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Properties of the Wigner transform

e Covariant property.
W(T,M,f)(x,w) = WF(x — u,w —n), where

(Tu)(t) = f(t — u), (M,f)(t) = ¥ F(t).

@ Moyal's formula.
For 1, f, 81,8 € L*>(R?) we have

(W(h,g1), W(h, g2)) = (h, ) - (g1,82)-

e Marginal densities.
For f,f € L}(RY) N L2(RY) we have

/Rd WF(x,w) dw = |f(x)]?, & WF (x,w) dx = |F(w)].

V.

T = = =
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Properties of the Wigner transform

e Covariant property.
W(T,M,f)(x,w) = WF(x — u,w —n), where

(Tu)(t) = f(t — u), (M,f)(t) = ¥ F(t).

@ Moyal's formula.
For 1, f, 81,8 € L*>(R?) we have

(W(h,g1), W(h, g2)) = (h, ) - (g1,82)-

e Marginal densities.
For f,f € L}(RY) N L2(RY) we have

/Rd WF(x,w) dw = |f(x)]?, & WF (x,w) dx = |F(w)].

~

o W(f)(x,w) = W(f)(-w,x).

V.

T = = =
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Extension to tempered distributions

W : S8'(R?) x S'(RY) — S'(R>9)
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Extension to tempered distributions

W : S8'(R?) x S'(RY) — S'(R>9)

For p1,v € 8'(R?) we have W(p,v) := F(Ts(n ® 7)),
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Extension to tempered distributions

W : S8'(R?) x S'(RY) — S'(R>9)

For p1,v € S'(R?) we have W(u,v) := F(Ts(1n ® 7)), that is

<W(:U'7 V)a ¢> = </~" v, 7;71]:271(2»

for any ¢ € S(R??), where F, denotes the partial Fourier transform with
respect to the second variable and 7y is the symmetric coordinate change
defined by

ﬁﬂ&ﬂ:F@+%J—§Lx¢eR¢ (1)

V.
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Example (Boggiatto, Fernandez, G., Oliaro (2022))

There is a distribution u € S’'(R) whose Wigner transform is supported
on a uniformly discrete subset of R? even though the support of
coincides with R.
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Example (Boggiatto, Fernandez, G., Oliaro (2022))

There is a distribution u € S’'(R) whose Wigner transform is supported
on a uniformly discrete subset of R? even though the support of
coincides with R.

Ingredients:
@ For every A € Sp(2,R) there is a unitary operator T4 acting on
L2(R) such that

W (Taf, Tag) = W(f,g) o A* Vf,g € L*(R).
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Ingredients:
@ For every A € Sp(2,R) there is a unitary operator T4 acting on
L2(R) such that

W (Taf, Tag) = W(f,g) o A* Vf,g € L*(R).

@ The previous relation can be extended to arbitrary tempered
distributions.
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Example (Boggiatto, Fernandez, G., Oliaro (2022))

There is a distribution u € S’'(R) whose Wigner transform is supported
on a uniformly discrete subset of R? even though the support of
coincides with R.

Ingredients:

@ For every A € Sp(2,R) there is a unitary operator T4 acting on
L2(R) such that

W (Taf, Tag) = W(f,g) o A* Vf,g € L*(R).

@ The previous relation can be extended to arbitrary tempered
distributions.
cosf —sinf

© Take =3 70y and A= < sin 6 cos )

Tap is a fractional Fourier transform of p, and W(Ta ) is a
rotation of W/(u). The conclusion follows after choosing 6
appropriately.

, 0 € (—m, ). Then
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Main result

Theorem (Boggiatto, Fernandez, G., Oliaro (2022))

Let p € S'(RY) satisfy W(u) = >_(r.5)eAxB Cr.s(r,s) where A, B are
uniformly discrete sets in RY. Then 11 and ji are measures. Moreover, the
support of i is a finite union of translates of a single lattice L, while the
support of [i is a finite union of translates of the dual lattice L*.
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Main result

Theorem (Boggiatto, Fernandez, G., Oliaro (2022))

Let p € S'(RY) satisfy W(u) = >_(r.5)eAxB Cr.s(r,s) where A, B are
uniformly discrete sets in RY. Then 11 and ji are measures. Moreover, the
support of i is a finite union of translates of a single lattice L, while the
support of [i is a finite union of translates of the dual lattice L*.

Under the hypotheses of the theorem it is fulfilled that supp u C A.
Moreover, 852 € A for any r, r, € supp pu. A similar statement holds for
1 and B.

V
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The inclusions obtained above go into the opposite direction with respect
to the classical inclusions

My (supp W) C H(supp 1), Na(supp W) C H(supp [z),

where [; are the projections and H indicates the convex hull of a set.
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The inclusions obtained above go into the opposite direction with respect
to the classical inclusions

N1 (supp W) C H(supp ), Ma(supp W) C H(supp fz),

where [; are the projections and H indicates the convex hull of a set.

An immediate consequence of the previous lemma is that the set
SUPP 1ESUPP 1L s 1 d., as it is a subset of A. This fact will be crucial in
the proof of our theorem. Note that this is not true for arbitrary u.d.

sets. For instance A = {n +X: neZ\ {O}} is u.d. but 0 is an

I -

accumulation point of 212,

.
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The inclusions obtained above go into the opposite direction with respect
to the classical inclusions

N1 (supp W) C H(supp ), Ma(supp W) C H(supp fz),

where [; are the projections and H indicates the convex hull of a set.

An immediate consequence of the previous lemma is that the set
SUPP 1ESUPP 1L s 1 d., as it is a subset of A. This fact will be crucial in
the proof of our theorem. Note that this is not true for arbitrary u.d.
sets. For instance A = {n + ﬁ cneZN\ {O}} is u.d. but 0 is an
A+A
fTo

accumulation point o
v

From the lemma: A :=supp i and X := supp fi have the property that A
- AN and X - X are uniformly discrete.

The statement on the supports now follows from Palamodov's theorem.
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Sketch of the proof that 4 is a measure in the

one-dimensional case

N
p= Y > a9,

résuppp j=0

with 2} € C.
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one-dimensional case

N
p= Y > a9,

résuppp j=0

with 2/ € C. We now assume N > 1 and show that a¥ = 0 for all
r € suppf.
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Sketch of the proof that 4 is a measure in the

one-dimensional case

N
p= Y > a9,

résuppp j=0

with 2/ € C. We now assume N > 1 and show that a¥ = 0 for all
r € suppf.

For any real-valued functions ¢1, ¢, € S(R) we have, for ¢ = ¢1 ® @5,

W) 61 02) = (o vt (U5 ) T2 (0= )
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Sketch of the proof that 4 is a measure in the

one-dimensional case

N
p= Y > a9,

resuppp j=0

with 2/ € C. We now assume N > 1 and show that a¥ = 0 for all
r € suppf.

For any real-valued functions ¢1, ¢, € S(R) we have, for ¢ = ¢1 ® @5,

(W(1), 61 ® 62) = (o, {pivs 1 (“; ) S (v—u)

—(j+k—0—m)
> o (r—2s).

N k
DB UCUCTED WY C =

j,k=0 £=0 m=0 r, sEsuppp
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Fix ro € suppp and choose ¢ € S(R) compactly supported on a small
neighbourhood of ry and such that gbg")(ro) =0forn=0,...,2N -1
whereas ¢(12N)(r0) # 0.
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Fix ro € suppp and choose ¢ € S(R) compactly supported on a small
neighbourhood of ry and such that gbg")(ro) =0forn=0,...,2N -1
whereas ¢(12N)(r0) # 0.

Then, for any compactly supported smooth function ¢, € S(R) , we have

(W(), o1 @ ¢2) = WLNqb;(fN)(ro) Z Jag’g(r —s).

r,s€D(r)

Here D(ro) :={(r,s): r,s € suppu; $= =10}
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Fix ro € suppp and choose ¢ € S(R) compactly supported on a small
neighbourhood of ry and such that gbg")(ro) =0forn=0,...,2N -1
whereas ¢(12N)(r0) # 0.
Then, for any compactly supported smooth function ¢, € S(R) , we have
1 - =
(W(n),d1 @ ¢2) = 22—N¢§2N’(ro) Z alVal gy (r — s).
r,s€D(rn)

Here D(ro) :={(r,s): r,s € suppu; $= =10}

Since W(u) is a Radon measure, the right hand side of the previous
expression can be estimated by

Cllp1]loo 2]l 005

where the constant C only depends on the (compact) support of ¢1 ® ¢».
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Fix 1) be supported on a small ball with centered at the origin such that

»(M(0)=0for n=0,...,2N — 1 and 9@V (0) = 1, and for each t > 1,
we apply the previous inequality to ¢1(x) = ¢ (t(x — x0)) , whose support
shrink as t increases.
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Fix 1) be supported on a small ball with centered at the origin such that

»(M(0)=0for n=0,...,2N — 1 and 9@V (0) = 1, and for each t > 1,
we apply the previous inequality to ¢1(x) = ¢ (t(x — x0)) , whose support
shrink as t increases. So, for every t > 1,

PV ST aNalaa(r - 5)| < Cllbllocl 62l oo,

(r:s)eD(ro)

where C depends on the support of 1 ® ¢».
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Fix 1) be supported on a small ball with centered at the origin such that

»(M(0)=0for n=0,...,2N — 1 and 9@V (0) = 1, and for each t > 1,
we apply the previous inequality to ¢1(x) = ¢ (t(x — x0)) , whose support
shrink as t increases. So, for every t > 1,

PV ST aNalaa(r - 5)| < Cllbllocl 62l oo,

(r:s)eD(ro)

where C depends on the support of ¥ ® ¢,. Taking limits as t goes to
infinity we conclude that

> aMaloa(r—s5) =0

(r,s)€D(r)

for every ¢, € D(R).
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The map B
¢ > aNallé(r—s)

(r,s)eD(rn)

defines a tempered distribution.
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The map B
¢ > aNallé(r—s)

(r:s)€D(n)

defines a tempered distribution. Hence, by density,

> @Malon(r—s5) =0

(r,s)eD(r)

for every ¢, € S(R).
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The map B
¢ > aNallé(r—s)
(r,s)€D(n)

defines a tempered distribution. Hence, by density,
>, aNalda(r—s)=0
(r,s)eD(r)

for every ¢ € S(R). After choosing ¢, with the property that its Fourier
transform is supported on a small compact neighborhood of the origin we
get al = 0.
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Matrix Wigner transform

W(p,v) = Fo(Ts(pn @ v)) where ToF(x,t) = F(x + 5,x — £).
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Matrix Wigner transform

W(p,v) = Fo(Ts(pn @ v)) where ToF(x,t) = F(x + 5,x — £).

Definition (Bayer, Cordero, Gréchenig, Trapasso (2020))

Let T : R?? — R2? be a linear isomorphism. Then the Matrix-Wigner
transform of p,v € 8'(R??) is defined as:

Wr(p,v) = Fo(T(p®@7D)).
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Matrix Wigner transform

W(p,v) = Fo(Ts(pn @ v)) where ToF(x,t) = F(x + 5,x — £).

Definition (Bayer, Cordero, Gréchenig, Trapasso (2020))

Let T : R?? — R2? be a linear isomorphism. Then the Matrix-Wigner
transform of p,v € 8'(R??) is defined as:

Wr(p,v) = Fo(T(p®@7D)).

I 0

0 -/
Rihaczek transform.

T = > = Wr(p, v)(x,w) = pu(x)v(w) and we recover the
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I
o T = = Wr(p,v) = A(p, v) is the Ambiguity
1
function given by

N|—=

Alp,v)(x,w) = /]Rd e 2™t u(t + x/2)v(t — x/2) dt.
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I
o T = = Wr(p,v) = A(p, v) is the Ambiguity
1
function given by

N|—=

Alp,v)(x,w) = /]Rd e 2™t u(t + x/2)v(t — x/2) dt.

o T = = Wr(f,g) = Vgf(x,w) is the Short time
-
Fourier transform defined by

Vef(x,w) = Wr(f,g)(x,w) = /Rd f(t)mef%itw dt.

Antonio Galbis



Information on supports

If W € S'(R?9) satisfies that Mysupp W or Mysupp 5,V is a uniformly
discrete set then
Mysupp ¥V = Mysupp FHWV.
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Information on supports

If W € S'(R?9) satisfies that Mysupp W or Mysupp 5,V is a uniformly
discrete set then
Mysupp ¥V = Mysupp FHWV.

This is not true if we do not assume that the supports are uniformly
discrete, as shown by the distribution

wzzcs%mn.

neZ
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Information on supports

If W € S'(R?9) satisfies that Mysupp W or Mysupp 5,V is a uniformly
discrete set then

Mysupp VW = Mysupp FoV.

This is not true if we do not assume that the supports are uniformly
discrete, as shown by the distribution

wzzcs%mn.

neZ

4 (A B
(¢ )

Proposition (Boggiatto, Fernandez, G., Oliaro (2022))

detA # 0 = supp p is u.d,
Macisro Wil ) medl, = { detB # 0 = supp v is u.d.

detA # 0 = supp v is u.d,
detB # 0 = supp 1 is u.d.

™7 = =

Masupp Wr(u,v) ud. = {
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The one-variable case

We denote
-1 a b
=(27)

and assume that ab # 0. This condition is satisfied for instance for the
matrix defining the ambiguity function or the short time Fourier
transform.
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The one-variable case

We denote
-1 a b
=(27)

and assume that ab # 0. This condition is satisfied for instance for the
matrix defining the ambiguity function or the short time Fourier
transform.

Let pi,v € S'(R) \ {0} satisfy Wr(p,v) =3, seaxs Crs0(r,s) where
A, B are u.d. sets. Then u,i,v,V are measures supported in u.d. sets.
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The one-variable case

We denote
-1 a b
=(27)

and assume that ab # 0. This condition is satisfied for instance for the
matrix defining the ambiguity function or the short time Fourier
transform.

Let pi,v € S'(R) \ {0} satisfy Wr(p,v) =3, seaxs Crs0(r,s) where
A, B are u.d. sets. Then u,i,v,V are measures supported in u.d. sets.

Let pi,v € S'(R) \ {0} satisfy Wr(p,v) =3, seaxs Crs0(r,s) where

A, B are u.d. sets. Then, there are a, b > 0 such that p is a finite linear
combination of time-frequency shifts of ) _, 6na and v is a finite linear
combination of time-frequency shifts of ), 6np.
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