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Tale of two cities: Novi Sad

m S. Pilipovi¢, N. Teofanov and F. Tomi¢ ultradifferentiable classes:
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front. Thesis (Ph.D.)-University of Novi Sad (Serbia). 2016.
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32, 2763-2782
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Sarajevo J. Math. 14(27) (2018), no. 2, 251-263.

S. Pilipovi¢, N. Teofanov, and F. Tomi¢. Paley-Wiener theorem in extended Gevrey regularity. J. Pseudo-Differ. Oper. Appl. 2020 ,
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Mathematics, 9(1), 2021
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J. Jiménez-Garrido — A comparison of two ways to generalize Denjoy-Carleman ultradifferentiable classes

S. Pilipovi¢, N. Teofanov and F. Tomi¢ classes

Let 7> 0, o > 1 be given. For p € N we consider the sequence M7 = p™»”

P.T.T. classes. Let h > 0 and K CC R? be a regular compact set. By Eron(K) we
denote the Banach space of functions f € C°°(K) such that

0% f(x
1l . cxey = sup sup oS @)

aeNd zeK hlel” ]V[\‘;,T

< o0



J. Jiménez-Garrido — A comparison of two ways to generalize Denjoy-Carleman ultradifferentiable classes

S. Pilipovi¢, N. Teofanov and F. Tomic¢ classes

Let 7 > 0, o > 1 be given. For p € N we consider the sequence M7 = p™°.
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Note that the case 0 = 1 we have the classical Gevrey classes with index 7.
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complete analogous way.
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Remarks about P.T.T. classes

m Other P.T.T. classes (Global bounds, test functions, etc) can be defined in a
complete analogous way.

m Their main motivation is the study of microlocal analysis in this context.

B In their results they use an adapted version of H. Komatsu conditons:

(M.2)' 3D >0, such that Vp € N M7, < DP” M7

I P o—1 o—1

(M.2) 3C >0, such that ¥p,q € N M7 < CP°+a M2 M

and a suitable control of the associated weight function terms of the Lambert W
function.
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Remarks about P.T.T. classes

m Other P.T.T. classes (Global bounds, test functions, etc) can be defined in a
complete analogous way.

m Their main motivation is the study of microlocal analysis in this context.

B In their results they use an adapted version of H. Komatsu conditons:

(M.2)' 3D >0, such that Vp € N M7, < DP” M7

I P o—1 o—1
(M.2) 3C >0, such that ¥p,q € N M7 < CP°+a M2 M

and a suitable control of the associated weight function terms of the Lambert W
function.

B The space &[1 5)(U) is explicitly used in the study of strictly hyperbolic equations,
see [1] for details.

[1] M.Cicognani and D.Lorentz. Strictly hyperbolic equations with coefficient slow-regular in time and smooth in space, J.Pseudo-Differ.
Oper. Appl. 9 (3) (2018) 643 — 675.
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Ultradifferentiable classes defined by weight matrices

We say that M := {MP) ¢ Rlio : X € Ruo} a weight matrix if

Va<p VpeN MM <M.

Classes defined by a weight matrix. For U C R% non-empty open set, we consider
classes defined by weight matrices of Roumieu type £{ x4} and of Beurling type (o)

as follows
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Ultradifferentiable classes defined by weight matrices

We say that M := {MP) ¢ Rlio : X € Ruo} a weight matrix if

Va<p VpeN MM <M.

Classes defined by a weight matrix. For U C R% non-empty open set, we consider
classes defined by weight matrices of Roumieu type £{ x4} and of Beurling type (o)
as follows

EmU)= 1 lim  lim &0 5 (K),

—_ —
KCCU AERS( h—oo

EnmU) = lim
KC

N

=}

lim  lim Epon (K.
U AeR~ g h—0

!

Weight matrices allow us to give a unified treatment of the spaces defined by a single
weight sequences, Denjoy-Carleman ultradifferentiable classes, and by a single weight
functions, Braun-Meise-Taylor classes. Moreover, proofs can be transferred from one

context to the other.
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Purpose of the talk

In the introduction of [A] the authors claimed that:

“Let us comment on another very interesting concept of construction of a
large class of ultradistribution spaces. In [B, C, D] and several other papers
the authors consider sequences of the form k!Mj,, where they presume a fair
number of conditions on M), and discuss in details their relations. For example,
consequences of the composition of ultradifferentiable functions determined
by different classes of such sequences are discussed. Moreover, they consider
weighted matrices, that is, a family of sequences of the form k!]\J?, k e N,
A € A (partially ordered and directed set), and make the unions, again
considering various properties such as compositions and boundary values [...]
The main reason why our classes are not covered by the quoted papers is
the factor h1®!”, o > 1, in the seminorm.”

[A] S. Pilipovi¢, N. Teofanov, and F. Tomi¢. Boundary values in ultradistribution spaces related to extended Gevrey regularity.

Mathematics, 9(1), 2021.

[B] S. Fiirdss, D.N. Nenning, A. Rainer and G. Schindl. Almost analytic extensions of ultradifferentiable functions with applications to
microlocal analysis. J. Math. Anal. Appl. 2020, 481

[C] A. Kriegl, P.W. Michor and A. Rainer. The convenient setting for quasianalytic Denjoy—Carleman differentiable mappings. J. Funct.
Anal. 2011, 261, 1799-1834.

[D] A. Rainer and G. Schindl. Composition in ultradifferentiable classes. Studia Math. 2014, 224, 97-131.
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Theorem [J.J.-G. D.N. Nenning, G. Schindl] As locally convex vector spaces we get
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P.T.T. classes as classes defined by weight matrix

Let the parameters 7 > 0 and o > 1 be given. We consider the weight matrix:

MO = {(CPU;DTP(7 )pEN B c > O}

Theorem [J.J.-G. D.N. Nenning, G. Schindl] As locally convex vector spaces we get

Err 0y (U) = Eppray (U), Er.0)(U) = Eparioy(U).

The same hols for other classes (Global bounds, test functions, ultraholomorphic, etc).
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Remark about the properties of the weight matrix

The list of properties can be obtained by a direct computation on the matrix M7 .

However, it can also be obtained by using the properties of the sequence M7 7.
For example, since

(M.2)" 3D >0, such that Vp € N M7, < DP” M7
holds, then MT:7 satisfies
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Remark about the properties of the weight matrix

The list of properties can be obtained by a direct computation on the matrix M7 .
However, it can also be obtained by using the properties of the sequence M7 7.

For example, since

(M.2)" 3D >0, such that Vp € N M7, < DP” M7

holds, then MT:7 satisfies

(Mygey) VaEIHC>OH,BEIVjeN:Mﬁ>1ngHM;ﬁ),

(Mae)) VaeI3C>03B€IVjeN: M, <citip(®.

This contradicts the claim also in [A]:
“[...] The main reason why our classes are not covered by the quoted papers
is the factor hl®l , 0 > 1, in the seminorm. For that reason our conditions

on the weight sequence ((M.2)" and (M.2) given below) differ from the
corresponding ones in the quoted papers. [...]”

[A] S. Pilipovi¢, N. Teofanov, and F. Tomi¢. Boundary values in ultradistribution spaces related to extended Gevrey regularity.
Mathematics, 9(1), 2021.
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Consequences

Corollary [J.J.-G. D.N. Nenning, G. Schindl] For all open set U C R%:
(a) By (i) the classes ¢ pqr.0}(U) and E pr.0)(U) contain the real analytic

functions in U and the restriction to U of the entire functions in C%.
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Corollary [J.J.-G. D.N. Nenning, G. Schindl] For all open set U C R%:
(a) By (i) the classes ¢ pqr.0}(U) and E pr.0)(U) contain the real analytic

functions in U and the restriction to U of the entire functions in C¢.
(b) By (iii) the classes Efpqr.01(U) and E pqr.o)(U) are closed under derivation.
(¢) By (i), (ii7) and (iv) the classes Ef pqr.01(U) and E pqr.0)(U) are stable under
composition, under solving ordinary differential equations, under inversion,
holomorphically closed and inverse closed.
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Consequences ‘@ 12

Corollary [J.J.-G. D.N. Nenning, G. Schindl] For all open set U C R%:

(@)

By (i) the classes Ef pqr.01(U) and E pqr.0)(U) contain the real analytic
functions in U and the restriction to U of the entire functions in C¢.

By (i41) the classes 7.0} (U) and E py7.0(U) are closed under derivation.
By (i), (i44) and (iv) the classes E{pq7.03(U) and E a7, (U) are stable under
composition, under solving ordinary differential equations, under inversion,
holomorphically closed and inverse closed.

By (vi) the classes Ef pqr.0}(U) and E gm0y (U) are nonquasianalytic.
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Corollary [J.J.-G. D.N. Nenning, G. Schindl] For all open set U C R%:
(a) By (i) the classes ¢ pqr.0}(U) and E pr.0)(U) contain the real analytic

functions in U and the restriction to U of the entire functions in C¢.

) By (iii) the classes £ pqr.01(U) and E .0 (U) are closed under derivation.
(¢) By (i), (ii7) and (iv) the classes Ef pqr.01(U) and E pqr.0)(U) are stable under
composition, under solving ordinary differential equations, under inversion,
holomorphically closed and inverse closed.

) By (vi) the classes £ yqr.03(U) and E pq7.0)(U) are nonquasianalytic.

(e) By (vi) and by the results from the previous talks, we have that

joo(g{MTU}) = A{MT.U} and JOO(E(MTU)) = A(MT,U) with j°° denoting the

Borel-mapping f +— (f<j)(0))j€N.

(f) By (dii) and (vi) the classes ¢ yqr.0}(U) and Epqr.0)(U) are nuclear.

(9) By (¢), (i%) and (4ii) we have that M7 is a regular weight matrix. So all results
from about almost analytic extensions and microlocal analysis of [1, Sect. 1-6]
can be applied to the classes £{ \ .oy and Epqro)y.

[1] S. Fiirdés, D.N. Nenning, A. Rainer and G. Schindl. Almost analytic extensions of ultradifferentiable functions with applications to
microlocal analysis. J. Math. Anal. Appl. 2020, 481
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Weight matrices are the natural representation

The associated weight functions to the sequences M (¢:7:9) = (Cpﬂpr”)peN are
pairwise non-equivalent. In particular, if 0 < ¢; < c2, we have that

Woarler,mo) LWhr(en,,0)

Corollary [J.J.-G. D.N. Nenning, G. Schindl] Neither &; (7,03 (U) nor E pqr.0y(U)
coincides (as vector space) with ¢y (U), E4,1 (U), or, respectively, £y (U),
Ew)(U) for any weight sequence M or any weight function w.

Weight matrices are the natural context to study these classes.
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Ultradifferentiable classes beyond geometric factors

More general: What happens if the geometric factor h? in the Denjoy—Carleman
classes is replaced by a factor h®» ?

Classes beyond geometric factors. Let M = (Mp)pen € R, @ = (0p)pen € R,

h > 0and K CC R? be a regular compact set. By Em,a,n(K) we denote the space of
functions f € C°°(K) such that

1 less .nixy = SuD. sup ot DI
M, o,n (K) wend 2E K hq)‘”‘AMM\

Let U be an open set of R and K CC U. We define the spaces of Roumieu, and
resp. of Beurling, type:
Emey(U) = lim  lim Eng e n(K), Enn,ey(U) = lim  lim Epr a4 (K).

—_— =
KCCU h—oo KCCUh—

>
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Equality result

Let M = (Mp)pen € RN>O and ® = (®p)p,en, we consider the weight matrix:

MME = (P My)pen ¢ >0}

Theorem [J.J.-G. D.N. Nenning, G. Schindl] If the sequence ® satisfies the condition

P
(%) lim inf —2 > 0.
p—oo  p

then as locally convex vector spaces we get

Ermay(U) = Eppqm,ay (U), Er,a)(U) = E v,y (U).

The same hols for other classes (Global bounds, test functions, ultraholomorphic, etc).
Under some extra assumption, we can show that condition (x) is also necessary.

Other properties: Depend on the relation between ® and M.
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We have not done yet with P.T.T. classes.
For 0 < hy < ho, 0 <7 <72, 1< 01 < o9, then ngvo'lshl(K) — 57-2‘0.2’;12(}{).

S. Pilipovi¢, N. Teofanov, and F. Tomi¢ also consider limits with respect to 7 . For
fixed o > 1 they define for U C R open the classes
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S. Pilipovi¢, N. Teofanov, and F. Tomi¢ also consider limits with respect to 7 . For
fixed o > 1 they define for U C R open the classes

S{ocrr}(U) = lim S{T,O‘}(U)? g(oo,n)(U) = lim S(Tﬁ(f)(U)v
T—00 T—00
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Prop. [S. Pilipovi¢, N. Teofanov, and F. Tomi¢, 2016] Let 0 > 1 and 7 > 0. We
have that :

Elo0,01(U) = E(oo,0)(U) E10,63(U) = E0,0)(U).
So we denote any of these classes by oo, (U) and by £y,»(U), respectively.
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Prop. [S. Pilipovi¢, N. Teofanov, and F. Tomi¢, 2016] Let 0 > 1 and 7 > 0. We
have that :
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A tricky definition

We consider the weight matrix:

M7 = {(" pP Vpen : ¢> 0}

Are £0,5(U) and E ey (U) equal? Yes.
Are Eoo,0(U) and Egpqoy(U) equal? No.
A tricky definition due to the quantifiers. In

Eoo,0(U) = lim &7 4 (U) = lim  lim  lim & 55 (K)
T—00 T—00 KCCU h—o0

there are two parameters h (local) depending on the compact and 7 (global)

independent from the compact. However, in the definition of £{ y(o} (U) there is only

one local parameter.



J. Jiménez-Garrido — A comparison of two ways to generalize Denjoy-Carleman ultradifferentiable classes

Comparison results

Theorem [J.J.-G. D.N. Nenning, G. Schindl] Let M be a weight matrix and suppose
Eoo,0(U) C Eay(U)

Then it follows
Eo0,0(U) S Ernny (U).



J. Jiménez-Garrido — A comparison of two ways to generalize Denjoy-Carleman ultradifferentiable classes

Comparison results

Theorem [J.J.-G. D.N. Nenning, G. Schindl] Let M be a weight matrix and suppose

Then it follows
Eo0,0(U) S Ernny (U).

Theorem [J.J.-G. D.N. Nenning, G. Schindl] Let U,V C R? be open, and V cC U.
Then as locally convex vector spaces we get

Eo0,0(U) = Erpay(U) = Esor0(V), 0,0 (U) = Epauoy(U).
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(#4) There exists a matrix M which is equivalent to M and such that M consists
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Proposition [J.J.-G. D.N. Nenning, G. Schindl]
(1) MO satisfies (M(cw)), (M3) and (Mycwy).
(#4) There exists a matrix M which is equivalent to M and such that M consists
only of sequences that are strongly log-convex (and normalized).
(ii7) M has both (Mqcy) and (Mqq))-
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Consequences @ 2

The classes £ yq03(U) and E o) (U) have the same properties as o703 (U) and
S(MT.O’) (U)

Corollary [J.J.-G. D.N. Nenning, G. Schindl] By (vit), that is, moderate growth,
among others we have that:

(a) The classes Erpqoy(U) and Eaqo)(U) are cartesian closed.

b) The classes Ef a0y (U) and Eaq0)(U) are stable for ultradifferentiable operators.
{Mma} (M)
(¢) As locally convex vector spaces

Emey =Ewpey Eme) =EWne)
with Wpgo := {wprm.o : 7 > 0}, that is, a matrix of (associated) weight
functions.
(d) The results about nonlinear ultradifferentiablity for these classes £{r4o3(U) and
Emeay(U).

(e) The ultradifferentiable elliptic regularity theorem from [1, Sect. 7] can be applied
to the classes Eq a0y and Epqo).
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Consequences @ 2

The classes £ yq03(U) and E o) (U) have the same properties as o703 (U) and
Emmoy(U).

Corollary [J.J.-G. D.N. Nenning, G. Schindl] By (vit), that is, moderate growth,
among others we have that:

(a) The classes Erpqoy(U) and Eaqo)(U) are cartesian closed.

b) The classes Ef a0y (U) and Eaq0)(U) are stable for ultradifferentiable operators.
{Mma} (M)
(¢) As locally convex vector spaces

Emey = Ewne b Ema) = EWpgo)
with Wpgo := {wprm.o : 7 > 0}, that is, a matrix of (associated) weight
functions.

(d) The results about nonlinear ultradifferentiablity for these classes £{r4o3(U) and
Emeay(U).

(e) The ultradifferentiable elliptic regularity theorem from [1, Sect. 7] can be applied
to the classes Eq a0y and Epqo).

[1] S. Fiirdés, D.N. Nenning, A. Rainer and G. Schindl. Almost analytic extensions of ultradifferentiable functions with applications to
microlocal analysis. J. Math. Anal. Appl. 2020, 481.
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Last comments

Most of the results about the class £,5(U) are stability properties that can be stated
as mixed results between £¢; ,1(U) and £,/ ;1 (U) for some 7' depending only on 7
and o.
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Last comments @ 21

Most of the results about the class £,5(U) are stability properties that can be stated
as mixed results between £¢; ,1(U) and £,/ ;1 (U) for some 7' depending only on 7
and o.

Even if the classes oo, (U) and Egaqo ) (U) do not coincide, one can apply the mixed
results between £, ;1 (U) = E pyr.oy (U) and Egr 51 (U) = E{MTQ”}(U) from the
theory of ultradifferentiable classes defined by weight matrices. In other words, the
class £x0,0(U) can be studied with the information about weight matrices.
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Thank you for your attention!



