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Runge’s Approximation Theorem

For Y ⊆ X ⊆ C open the following are equivalent.

i) For every g ∈H (Y ), for every compact K ⊆ Y , and for every ε > 0 there is
f ∈H (X) such that

ε > sup
z∈K
|f(z)− g(z)| =: ‖f − g‖0,K ,

i.e. r : H (X)→H (Y ), f 7→ f|Y has dense range when H (Y ) is equipped
with the topology of local uniform convergence.

ii) X does not contain a compact connected component of C\Y .

Lax-Malgrange Theorem: Precisely the same equivalence is true for Rd instead of
C and holomorphic functions H (X) replaced by

EP (X) := {u ∈ E (X); P (D)u = 0}

(
= D ′P (X) := {u ∈ D ′(X); P (D)u = 0}

)

,

where P ∈ C[X1, . . . , Xd] is elliptic, D = −i( ∂
∂x1

, . . . , ∂
∂xd

).

What about non-elliptic P? We equip EP (X) and D ′P (X) with their respective
standard topologies! For EP (X) this is the one generated by the seminorms

∀ r ∈ N0,K ⊆ X compact : ‖f‖r,K = max
|α|≤r,x∈K

|∂αf(x)|, f ∈ EP (X).
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P hypoelliptic :⇔ ∀X open∀u ∈ D ′(X) :
(
P (D)u = 0⇒ u ∈ E (X)

)
 EP (X) = D ′P (X) as locally convex spaces, thus: topology of EP (X) is
topology of local uniform convergence

P (ξ) =
∑
|α|≤m aαξ

α elliptic :⇔ ∀ ξ ∈ Rd\{0} : 0 6= Pm(ξ) :=
∑
|α|=m aαξ

α

(Examples: P (ξ1, ξ2) = i
2 (ξ1 + iξ2)⇒ P (D) = ∂z̄; P (ξ) = −|ξ|2 ⇒ P (D) = ∆)

P elliptic ⇒ P hypoelliptic

P (ξ) = iξ1 +
∑d
j=2 ξ

2
j is hypoelliptic but not elliptic; P (D) = ∂t −∆x

First objective: Given Y ⊆ X ⊆ Rd open, P non-elliptic. Find conditions for

rE : EP (X)→ EP (Y ), f 7→ f|Y ,

resp. for
rD′ : D ′P (X)→ D ′P (Y ), f 7→ f|Y

to have dense range.

P non-elliptic ⇒ ∃ ξ ∈ Rd\{0} : Pm(ξ) = 0 (:⇔ ξ is characteristic for P )
Pm is homogeneous (of degree m) ⇒ w.l.o.g. |ξ| = 1 and by an orthogonal
change of variables ξ = e1 = (1, 0, . . . , 0).
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Runge type theorems for certain non-elliptic partial differential
operators

Thomas Kalmes Quantitative Runge approximation 6 / 20



For P we define P̌ (ξ) := P (−ξ) (⇒ P̌m(ξ) = (−1)mPm(ξ)). Moreover, let
H := {x ∈ Rd; 0 = x1 (= 〈x, e1〉)}

Theorem [4]

Let P be s.th. e1 is characteristic for P . Assume that the following is true:

∀ ε > 0∃ v ∈ EP̌ (Rd) : [−ε/2, ε/2]× Rd−1 ⊆ supp v ⊆ [−ε, ε]× Rd−1,

v real analytic in (−ε/2, ε/2)× Rd−1

Assume Y ⊆ X are s.th. D ′P (Y ) = rD′(D ′P (X)). Then there is no x ∈ R s.th. X
contains a compact connected component of (Rd\Y ) ∩ (x+H).
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P be of degree m s.th. Pm(ed) 6= 0, ed = (0, . . . , 0, 1)

 P (ξ) =

m∑
j=0

Qj(ξ1, . . . , ξd−1)ξjd

for suitable Qj ∈ C[ξ1, . . . , ξd−1]; deg(Qj) ≤ m− j and Qm constant, non-zero

Theorem [4]

Let P (ξ) =
∑m
j=0Qj(ξ1, . . . , ξd−1)ξjd be of degree m s.th. e1 is characteristic for

P but ed is not. Assume that degξ1(Qj) < m− j, 0 ≤ j ≤ m− 1. Then,

∀ ε > 0∃ v ∈ EP̌ (Rd) : [−ε/2, ε/2]× Rd−1 ⊆ supp v ⊆ [−ε, ε]× Rd−1,

v real analytic in (−ε/2, ε/2)× Rd−1.

Let W ⊆ Rd be a subspace. We say that
P acts along W :⇔ ∀ ξ ∈ Rd : P (ξ) = P (πW ξ) (πW orthogonal projection
onto W )
P is elliptic along W :⇔ P acts along W and ∀ ξ ∈W\{0} : Pm(ξ) 6= 0

Let P̃ be of degree m, elliptic along W = span{ek, . . . , ed}, k > 1,

R ∈ C[X1, . . . , Xd−1],degR < m : P (ξ) := R(ξ1, . . . , ξd−1) + P̃ (ξk, . . . , ξd)

satisfies the above hypothesis.
Concrete: P (D) = ∂t −∆x; P (D) = i∂t + ∆x; P̃ (D) =

∑d
j=1 αj∂j + γ, αj ∈ R.

Thomas Kalmes Quantitative Runge approximation 8 / 20



P be of degree m s.th. Pm(ed) 6= 0, ed = (0, . . . , 0, 1)

 P (ξ) =

m∑
j=0

Qj(ξ1, . . . , ξd−1)ξjd

for suitable Qj ∈ C[ξ1, . . . , ξd−1]; deg(Qj) ≤ m− j and Qm constant, non-zero

Theorem [4]

Let P (ξ) =
∑m
j=0Qj(ξ1, . . . , ξd−1)ξjd be of degree m s.th. e1 is characteristic for

P but ed is not. Assume that degξ1(Qj) < m− j, 0 ≤ j ≤ m− 1. Then,

∀ ε > 0 ∃ v ∈ EP̌ (Rd) : [−ε/2, ε/2]× Rd−1 ⊆ supp v ⊆ [−ε, ε]× Rd−1,

v real analytic in (−ε/2, ε/2)× Rd−1.

Let W ⊆ Rd be a subspace. We say that
P acts along W :⇔ ∀ ξ ∈ Rd : P (ξ) = P (πW ξ) (πW orthogonal projection
onto W )
P is elliptic along W :⇔ P acts along W and ∀ ξ ∈W\{0} : Pm(ξ) 6= 0

Let P̃ be of degree m, elliptic along W = span{ek, . . . , ed}, k > 1,

R ∈ C[X1, . . . , Xd−1],degR < m : P (ξ) := R(ξ1, . . . , ξd−1) + P̃ (ξk, . . . , ξd)

satisfies the above hypothesis.
Concrete: P (D) = ∂t −∆x; P (D) = i∂t + ∆x; P̃ (D) =

∑d
j=1 αj∂j + γ, αj ∈ R.

Thomas Kalmes Quantitative Runge approximation 8 / 20



P be of degree m s.th. Pm(ed) 6= 0, ed = (0, . . . , 0, 1)

 P (ξ) =

m∑
j=0

Qj(ξ1, . . . , ξd−1)ξjd

for suitable Qj ∈ C[ξ1, . . . , ξd−1]; deg(Qj) ≤ m− j and Qm constant, non-zero

Theorem [4]

Let P (ξ) =
∑m
j=0Qj(ξ1, . . . , ξd−1)ξjd be of degree m s.th. e1 is characteristic for

P but ed is not. Assume that degξ1(Qj) < m− j, 0 ≤ j ≤ m− 1. Then,

∀ ε > 0 ∃ v ∈ EP̌ (Rd) : [−ε/2, ε/2]× Rd−1 ⊆ supp v ⊆ [−ε, ε]× Rd−1,

v real analytic in (−ε/2, ε/2)× Rd−1.

Let W ⊆ Rd be a subspace. We say that
P acts along W :⇔ ∀ ξ ∈ Rd : P (ξ) = P (πW ξ) (πW orthogonal projection
onto W )
P is elliptic along W :⇔ P acts along W and ∀ ξ ∈W\{0} : Pm(ξ) 6= 0

Let P̃ be of degree m, elliptic along W = span{ek, . . . , ed}, k > 1,

R ∈ C[X1, . . . , Xd−1],degR < m : P (ξ) := R(ξ1, . . . , ξd−1) + P̃ (ξk, . . . , ξd)

satisfies the above hypothesis.
Concrete: P (D) = ∂t −∆x; P (D) = i∂t + ∆x; P̃ (D) =

∑d
j=1 αj∂j + γ, αj ∈ R.

Thomas Kalmes Quantitative Runge approximation 8 / 20



P be of degree m s.th. Pm(ed) 6= 0, ed = (0, . . . , 0, 1)

 P (ξ) =

m∑
j=0

Qj(ξ1, . . . , ξd−1)ξjd

for suitable Qj ∈ C[ξ1, . . . , ξd−1]; deg(Qj) ≤ m− j and Qm constant, non-zero

Theorem [4]

Let P (ξ) =
∑m
j=0Qj(ξ1, . . . , ξd−1)ξjd be of degree m s.th. e1 is characteristic for

P but ed is not. Assume that degξ1(Qj) < m− j, 0 ≤ j ≤ m− 1. Then,

∀ ε > 0 ∃ v ∈ EP̌ (Rd) : [−ε/2, ε/2]× Rd−1 ⊆ supp v ⊆ [−ε, ε]× Rd−1,

v real analytic in (−ε/2, ε/2)× Rd−1.

Let W ⊆ Rd be a subspace. We say that
P acts along W :⇔ ∀ ξ ∈ Rd : P (ξ) = P (πW ξ) (πW orthogonal projection
onto W )
P is elliptic along W :⇔ P acts along W and ∀ ξ ∈W\{0} : Pm(ξ) 6= 0

Let P̃ be of degree m, elliptic along W = span{ek, . . . , ed}, k > 1,

R ∈ C[X1, . . . , Xd−1],degR < m : P (ξ) := R(ξ1, . . . , ξd−1) + P̃ (ξk, . . . , ξd)

satisfies the above hypothesis.

Concrete: P (D) = ∂t −∆x; P (D) = i∂t + ∆x; P̃ (D) =
∑d
j=1 αj∂j + γ, αj ∈ R.

Thomas Kalmes Quantitative Runge approximation 8 / 20



P be of degree m s.th. Pm(ed) 6= 0, ed = (0, . . . , 0, 1)

 P (ξ) =

m∑
j=0

Qj(ξ1, . . . , ξd−1)ξjd

for suitable Qj ∈ C[ξ1, . . . , ξd−1]; deg(Qj) ≤ m− j and Qm constant, non-zero

Theorem [4]

Let P (ξ) =
∑m
j=0Qj(ξ1, . . . , ξd−1)ξjd be of degree m s.th. e1 is characteristic for

P but ed is not. Assume that degξ1(Qj) < m− j, 0 ≤ j ≤ m− 1. Then,

∀ ε > 0 ∃ v ∈ EP̌ (Rd) : [−ε/2, ε/2]× Rd−1 ⊆ supp v ⊆ [−ε, ε]× Rd−1,

v real analytic in (−ε/2, ε/2)× Rd−1.

Let W ⊆ Rd be a subspace. We say that
P acts along W :⇔ ∀ ξ ∈ Rd : P (ξ) = P (πW ξ) (πW orthogonal projection
onto W )
P is elliptic along W :⇔ P acts along W and ∀ ξ ∈W\{0} : Pm(ξ) 6= 0

Let P̃ be of degree m, elliptic along W = span{ek, . . . , ed}, k > 1,

R ∈ C[X1, . . . , Xd−1],degR < m : P (ξ) := R(ξ1, . . . , ξd−1) + P̃ (ξk, . . . , ξd)

satisfies the above hypothesis.
Concrete: P (D) = ∂t −∆x; P (D) = i∂t + ∆x; P̃ (D) =

∑d
j=1 αj∂j + γ, αj ∈ R.

Thomas Kalmes Quantitative Runge approximation 8 / 20



Sufficient condition for

EP (Y ) = rE (EP (X)) resp. D ′P (Y ) = rD′ (D ′P (X)) ?

With Hahn-Banach: E locally convex space, F ⊂ E subspace:

E = F ⇔ ∀ψ ∈ E′ :
(
ψ|F = 0⇒ ψ = 0

)
;

here,

E = EP (Y ) = kernel (P (D) : E (Y )→ E (Y )) , F = rE (EP (X))

resp. E = D ′P (Y ) = kernel (P (D) : D ′(Y )→ D ′(Y )) , F = rD′ (D ′P (X))

Recall: G locally convex space, A ∈ L(G) with transpose At : G′ → G′:

(kernel A)
′

= G′/At(G′);

here,

G = E (Y ), resp. G = D ′(Y )⇒ G′ = E ′(Y ), resp. G′ = D(Y )

and A = P (D)
(
⇒ At = P̌ (D)

)
which implies

EP (Y )′ = E ′(Y )/P̌ (D)(E ′(Y )), resp. D ′P (Y )′ = D(Y )/P̌ (D)(D(Y ));

having to deal with the closures is a problem!
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For P 6= 0, X ⊆ Rd open, tfae (Floret: (i)⇔ (ii))

(i) P̌ (D)(D(X)) = P̌ (D)(D(X)).

(ii) P̌ (D)(E ′(X)) = P̌ (D)(E ′(X)).

(iii) P (D) : E (X)→ E (X) is surjective.

(iv) X is P -convex for supports, i.e.

∀u ∈ E ′(X) : dist(supp P̌ (D)u,Rd\X) = dist(suppu,Rd\X).

If P is elliptic, every open X ⊆ Rd is P -convex for supports.

Theorem [2]

Let P ∈ C[X1, . . . , Xd] be elliptic along the subspace W , Y ⊆ X ⊆ Rd be open,
X be P -convex for supports. Then, (i)⇒ (ii), where

(i) @x ∈ Rd : X contains compact connected component of
(
Rd\Y

)
∩ (x+W ).

(ii) EP (Y ) = rE (EP (X)) and/or D ′P (Y ) = rD′ (D ′P (X)).

If d = 2 (or W = Rd) we also have (ii)⇒ (i).
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Corollary [2]

Let P (D) = ∂2

∂x2
1
− ∂2

∂x2
2

, Y ⊆ X ⊆ R2 be open, X be P -convex for supports.

Tfae:

(i) EP (Y ) = rE (EP (X)) and/or D ′P (Y ) = rD′ (D ′P (X)).

(ii) @x ∈ R2 : X contains co.co.co. of
(
Rd\Y

)
∩ {(x1 + t, x2 + t); t ∈ R} or of(

Rd\Y
)
∩ {(x1 + t, x2 − t); t ∈ R}.

{(x1 + t, x2 + t)}

{(x1 + t, x2 − t)}

Y
X = R2
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Theorem [4]

Let P ∈ C[X1, . . . , Xd] be of degree m, {ξ ∈ Rd; Pm(ξ) = 0} = span{e1}.
Moreover, let Y ⊆ X ⊆ Rd be open, X be P -convex for supports. Then,
(i)⇒ (ii), where

(i) @x ∈ Rd : X contains a co.co.co. of
(
Rd\Y

)
∩
(
x+ {ξ ∈ Rd; 〈ξ, e1〉 = 0}

)
.

(ii) EP (Y ) = rE (EP (X)) and/or D ′P (Y ) = rD′ (D ′P (X)).

If P (ξ) =
∑m
j=0Qj(ξ1, . . . , ξd−1)ξjd with degξ1 Qj < m− j, j = 0, . . . ,m− 1, we

also have (ii)⇒ (i).

Applicable to P (D) = ∂t −∆x and P (D) = i∂t + ∆x;
in particular for

Y = (α1, β1)×G1 ⊆ (α2, β2)×G2 = X; Gj ⊆ Rd−1open, j = 1, 2 :

Dense range iff G2 does not contain a co.co.co. of Rd−1\G1.
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Quantitative Runge type approximation theorems
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Rüland, Salo (2019): Z ⊆ X ⊆ Rd open, bounded Lipschitz domains such that
Z ⊆ X, X\Z connnected

(
⇒ X does not contain bounded co.co. of Rd\Z

)
Let (aj,k)1≤j,k≤d ∈W 1,∞(X)d×d be a real, symmetric matrix function,
c ∈ L∞(X) such that

Lu =

d∑
j,k=1

∂k (aj,k∂ju) + c u, u ∈ H1(X)

is uniformly elliptic (+ some additional technical assumptions).

Let Y be a bounded Lipschitz domain with Z ⊆ Y, Y ⊆ X. Then there are
C > 0, s > 1 such that

∀ g ∈ H1(Y ), Lg = 0 in Y ∀ ε ∈ (0, 1) ∃f ∈ H1(X), Lf = 0 in X :

‖g|Z − f|Z‖L2(Z) ≤ ε‖g‖H1(Y ) and ‖f|∂X‖H1/2(∂X) ≤
C

εs
‖g|Y ‖L2(Y )

(quantitative Runge type approximation)

Second objective: Generalization in the context of constant coefficient partial
differential operators
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Rüland, Salo (2019): Z ⊆ X ⊆ Rd open, bounded Lipschitz domains such that
Z ⊆ X, X\Z connnected

(
⇒ X does not contain bounded co.co. of Rd\Z

)
Let (aj,k)1≤j,k≤d ∈W 1,∞(X)d×d be a real, symmetric matrix function,
c ∈ L∞(X) such that

Lu =

d∑
j,k=1

∂k (aj,k∂ju) + c u, u ∈ H1(X)

is uniformly elliptic (+ some additional technical assumptions).
Let Y be a bounded Lipschitz domain with Z ⊆ Y, Y ⊆ X. Then there are
C > 0, s > 1 such that

∀ g ∈ H1(Y ), Lg = 0 in Y ∀ ε ∈ (0, 1) ∃f ∈ H1(X), Lf = 0 in X :

‖g|Z − f|Z‖L2(Z) ≤ ε‖g‖H1(Y ) and ‖f|∂X‖H1/2(∂X) ≤
C

εs
‖g|Y ‖L2(Y )

(quantitative Runge type approximation)

Second objective: Generalization in the context of constant coefficient partial
differential operators

Thomas Kalmes Quantitative Runge approximation 14 / 20



Rüland, Salo (2019): Z ⊆ X ⊆ Rd open, bounded Lipschitz domains such that
Z ⊆ X, X\Z connnected

(
⇒ X does not contain bounded co.co. of Rd\Z

)
Let (aj,k)1≤j,k≤d ∈W 1,∞(X)d×d be a real, symmetric matrix function,
c ∈ L∞(X) such that

Lu =

d∑
j,k=1

∂k (aj,k∂ju) + c u, u ∈ H1(X)

is uniformly elliptic (+ some additional technical assumptions).
Let Y be a bounded Lipschitz domain with Z ⊆ Y, Y ⊆ X. Then there are
C > 0, s > 1 such that

∀ g ∈ H1(Y ), Lg = 0 in Y ∀ ε ∈ (0, 1) ∃f ∈ H1(X), Lf = 0 in X :

‖g|Z − f|Z‖L2(Z) ≤ ε‖g‖H1(Y ) and ‖f|∂X‖H1/2(∂X) ≤
C

εs
‖g|Y ‖L2(Y )

(quantitative Runge type approximation)

Second objective: Generalization in the context of constant coefficient partial
differential operators

Thomas Kalmes Quantitative Runge approximation 14 / 20



Recall the linear topological invariant (Ω) of Vogt, Wagner:

A Fréchet space E (with increasing fundamental sequence (‖ · ‖n)n∈N of
seminorms) satisfies (Ω) iff

∀ k ∈ N ∃ l ≥ k ∀m ≥ l ∃C > 0, s > 1

∀ ε ∈ (0, 1) ∀ f ∈ E ∃h ∈ E : ‖f − h‖k ≤ ε‖f‖l and ‖h‖m ≤
C

εs
‖f‖l.

(Ω) for EP (X) (K b X :⇔ K ⊆ X compact):

∀K b X, k ∈ N0 ∃L b X,K ⊆ L, l ≥ k ∀M b X,m ≥ l ∃C > 0, s > 1

∀ ε ∈ (0, 1) ∀ f ∈ EP (X)∃h ∈ EP (X) :

‖f − h‖k,K ≤ ε‖f‖l,L and ‖h‖m,M ≤
C

εs
‖f‖l,L.

Assume EP (Y ) = rE (EP (X)), EP (X) has (Ω) and that for K b Y one can
choose L b Y : For g ∈ EP (Y ) choose f ∈ EP (X) with ‖g − f‖l,L ≤ ε

4‖g‖l,L;
evaluate (Ω) for ε/4 to get h ∈ EP (X) with

‖g − h‖k,K ≤ ε‖g‖l,L and ‖h‖m,M ≤
4s2C

εs
‖g‖l,L.
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Theorem [1], [3]

Let P ∈ C[X1, . . . , Xd] and let X ⊆ Rd be open and P -convex for supports.
Then, EP (X) has (Ω) in each of the following cases.

(i) d = 2.

(ii) X convex (for hypoelliptic P this is due to Petzsche).

(iii) P is elliptic along a subspace W (for W = Rd this is due to Vogt).

(iv) {ξ ∈ Rd;Pm(ξ) = 0} = span{e1} and P is semi-elliptic; covers polynomials
like P (ξ) = iξr1 − P̃ (ξ2, . . . , ξd) with P̃ elliptic of degree m > r and real
coefficients in its principal part; concrete P (D) = ∂t −∆x.
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Theorem [2]

Let P ∈ C[X1, . . . , Xd] be elliptic along the subspace W . Let Y ⊆ X ⊆ Rd be
open, X be P -convex for supports such that

@x ∈ Rd :X contains a co.co.co. of
(
Rd\Y

)
∩(x+W ).

Moreover, let int(K) = K b Y be such that

@x ∈ Rd :X contains a bounded co.co. of (Rd\K)∩(x+W ).

Then,

∀L b Y,K b int(L)∀M b X ∃ s > 1 ∀ k,m ∈ N0 ∃C > 0 ∀ ε ∈ (0, 1)

∀g ∈ EP (Y )∃h ∈ EP (X) : ‖g − h‖k,K ≤ ε‖g‖k+1,L and ‖h‖m,M ≤
C

εs
‖g‖k+1,L.

This generalizes Rüland, Salo; due to Petzsche in case of d = 2 and
P (D) = 1

2 (∂1 + i∂2)
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Corollary [2]

Let [t1, t2], [a, b] ⊆ R, δ > 0. Then,

∀M b R2 ∃ s > 1 ∀ k,m ∈ N0 ∃C > 0 ∀ ε ∈ (0, 1)

∀ g ∈ E ((t1 − δ, t2 + δ)× (a− δ, b+ δ)) , ∂2
t g − ∂2

xg = 0∃h ∈ E (R2) :

∂2
t h− ∂2

xh = 0 in R2, ‖g − h‖k,[t1,t2]×[a,b] ≤ ε‖g‖k+1,[t1−δ/2,t2+δ/2]×[a−δ/2,b+δ/2]

and ‖h‖m,M ≤
C

εs
‖g‖k+1,[t1−δ/2,t2+δ/2]×[a−δ/2,b+δ/2].

Theorem [2]

Let P̃ ∈ C[X1, . . . , Xd−1] be elliptic, of degree m, with real coefficients in its
principal part, r < m. Set P (ξ) = iξr1 − P̃ (ξ2, . . . , ξd). Moreover, let

(i) G ⊆ Rd−1 open
(ii) K b G, ∂K continuous
(iii) G contains no bounded co.co. of

Rd\K

(iv) D ⊆ Rd−1, I ⊆ R open, D ⊆ G
(v) L b D with K ⊆ int(L)

(vi) t1, t2 ∈ R, δ > 0, [t1 − δ, t2 + δ] ⊆ I

Then, ∀M b R×G∃ s > 1, C > 0 ∀ g ∈ EP (I ×D) , ε > 0∃h ∈ EP (R×G):

‖g − h‖[t1,t2]×K ≤ ε‖g‖[t1−δ,t2+δ]×L and ‖h‖M ≤
C

εs
‖g‖[t1−δ,t2+δ]×L.
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For r > 0 set B(0, r) = {x ∈ Rd; |x| < r} and B[0, r] = {x ∈ Rd; |x| ≤ r}

Theorem [2]

Let P ∈ C[X1, . . . , Xd]\{0} and r1, r2, δ > 0 with r1 + δ < r2. Then, for every
r3 > r2 there is s > 1 such that for every k,m ∈ N0 there is C > 0 such that

∀ g ∈ EP (B(0, r2)), ε ∈ (0, 1)∃h ∈ EP (Rd) : ‖g − h‖k,B[0,r1] ≤ ε‖g‖k+1,B[0,r1+δ]

and ‖h‖m,B[0,r3] ≤
C

εs
‖g‖k+1,B[0,r1+δ].
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