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Context

Definition: Skew-product of an operator

A compact metric space X complex separable Fréchet space
f: A— Acontinuous T : X — X continuous and linear operator
h: A — C continuous

P:-AxX—-AxX
(a,x) — (f(a), h(a)Tx)
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Additionally

@ . is a probability measure on (A, A) (: A — RT, u(A) =1)
@ fis ergodic with respect ot 1, on (A, A)

e fis p-invariant (u(f~'(I)) = p(r) forall T € A)
o If F~1(M) =T,T e Athen u(r) € {0,1}

© . has full support (u(U) > 0 for all U open and non-empty)
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To study dynamical properties like transitivity, mixing and chaos in the
sense of Devaney for skew-products of operators, in particular for
skew-products of differential operators on H(C)

Recall that an endomorphism f on a topological space
@ is topologically transitive if for any U, V non-empty open sets

dneNst f(U)NV #D
@ is topologically mixing if for any U, V non-empty open sets
INeNst f(U)NnVAOVn> N

@ is chaotic in the sense of Devaney if it is topological transitive and
it admits a dense set of periodic points
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Previous works and motivation

Bayart-Costakis-Hadijiloucas (2+3 (2008), 1+2+3 (2010))

@ Provide sufficient conditions for transitivity of skew-products of
operators defined on Banach spaces

@ Study transitivity of skew-products of unilateral weighted backward
shifts on /(P

@ Study transitivity of skew-products of composition operators on
H?(D) associated to ¢ € Aut(D)

@ For Fréchet spaces they proved that skew-products of translations
and the differentiation operators on H(C) are transitive
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Previous works and motivation

Bayart-Costakis-Hadijiloucas (2+3 (2008), 1+2+3 (2010))

@ Provide sufficient conditions for transitivity of skew-products of
operators defined on Banach spaces

@ Study transitivity of skew-products of unilateral weighted backward
shifts on /(P

@ Study transitivity of skew-products of composition operators on
H?(D) associated to ¢ € Aut(D)

@ For Fréchet spaces they proved that skew-products of translations
and the differentiation operators on H(C) are transitive

Godefroy-Shapiro (1991)

Suppose that T : H(C) — H(C), T # Al, is an operator that commutes
with the differentiation operator D, thatis, To D= Do T. Then T is
mixing and chaotic (H(C) with topology of uniform convergence on
compact sets).

™ = = = >yt
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Let A be a compact metric space, f: A — A a continuous map, p an
ergodic probability measure on A for f giving non-zero measure to
every non-empty open set and h: A — C a continuous function.

Let T: H(C) — H(C), T # A, be an operator that commutes with the
differentiation operator D.

Suppose that v := / log |h| dy is finite and consider the skew-product
P:Ax HC)— A ><AH(<C)
(a,u) — (f(a), h(a)Tu)
i) Pis transitive
ii) Pis chaotic if f is chaotic and |h| > 0
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Tools

Commutant of D (Godefroy-Shapiro)

If T commutes with D then T = (D) where ¢(z) is an entire function of exponential
type. If p(2) = 3°,5 anz", then for A € C we have

Texp(Az) = Y anD"exp(Az) = » _ an)" exp(A2) = p(A) exp(A2)

n>0 n>0
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Tools

Commutant of D (Godefroy-Shapiro)

If T commutes with D then T = (D) where ¢(z) is an entire function of exponential
type. If p(2) = 3°,5 anz", then for A € C we have

Texp(Az) = Y anD"exp(Az) = » _ an)" exp(A2) = p(A) exp(A2)

n>0 n>0

Birkhoff Ergodic Theorem

For every ¢ € L'(y) and for p-almost every a € A we have

1 N-1 n N— oo
N ra —>/A¢du
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Tools

Commutant of D (Godefroy-Shapiro)

If T commutes with D then T = (D) where ¢(z) is an entire function of exponential
type. If p(2) = 3°,5 anz", then for A € C we have

Texp(Az) = > anD"exp(Az) = > an\" exp(A2) = p(A) exp(A2)

n>0 n>0

Birkhoff Ergodic Theorem

For every ¢ € L'(y) and for p-almost every a € A we have

1 N-1 n N— oo
N ra —>/A¢du

Density of exponentials on H(C)
Let A C C be a set with an accumulation point. Then the set

span{exp(Az) : A € A}

is dense in H(C).
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Notation
lterations of P

P(a,u) = (f(a), h(a) Tu)
P?(a,u) = P(f(a), h(a) Tu) = (?(a), h(f(a))h(a) Tu)
P"(a,u) = (f"(a), ha(a) T"u), where hn(a) := h(f"~"(a))... h(f(a))h(a)

The base and the fibre of a skew-product

For a € A (the base),
we have a sequence of operators (T, ) (the fibre) given by

Ta7n . H(C) —> H((C)’ Ta7n — hn(a) TI’], n Z 1

Orb(P, (a,u)) = {P"(a,u) : n>0}
= {("(a), Tan(u)) : n>0}
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Sketch of proof (transitivity of P)

@ a,ceAe>0,U Vopen#0= B(ac)x Uand B(c,e) x V

@ GOAL!
Find (b, u) € B(a,e) x U such that P"(b,u) € B(c,e) x V forsome ne N
That s, f'(b) € B(c, ) and Tp n(u) = ha(b)T"u € V, but
Toun(U) = Mn(B)T"u = hn(b)p(D)"u = ha(b)(E 0 akD¥)u
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Sketch of proof (transitivity of P)

@ a,ceAe>0,U Vopen#0= B(ac)x Uand B(c,e) x V

@ GOAL!
Find (b, u) € B(a,e) x U such that P"(b,u) € B(c,e) x V forsome ne N
That s, f'(b) € B(c, ) and Tp n(u) = ha(b)T"u € V, but
To,n(U) = ha(b) T"u = ha(b)(D)"u = hy(b)(X =0 akD*)"u

@ Takebe AiNAnN B(a, 6)

—{bGA 72){5(05) b))‘—*ﬁﬂ(B(C‘?))}

- {beA : lzlog’h(fj(b))’ M—m>/log|h|du}
n = A
b e Ao means § > 0, N suchthatifn> N
1 n—1 )
= log|A(F(b)| 4
j=0

exp (n(y — 8)) < [An(D)| < exp (n(y +9))
@ Recall that T"exp(Az) = p(\)" exp(Az)

<6
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span{exp (A2) : [p(A)] < exp(—7)}

(f
© The sets anfexp(A2) : [o(A)] > exp(—)}

are dense in H(C)
ue Unspan{exp(A\z) : |o(N)| < exp(—7)}
U=kl akexp(M2) : |p(Mk)| < exp(—7), Yk

v e VNspan{exp(Az) : |p(A)] > exp(—7)}
v =>"klq brexp (uk2) : lp(uk)| > exp (—7), Vk

Félix Martinez-Giménez Dynamics of skew-products of differential operators



span{exp (A2) : [p(A)] < exp(—7)}

(f
© The sets anfexp(A2) : [o(A)] > exp(—)}

are dense in H(C)
ue Unspan{exp(A\z) : |o(N)| < exp(—7)}
U=kl akexp(M2) : |p(Mk)| < exp(—7), Yk

v e VNspan{exp(Az) : |p(A)] > exp(—7)}
v =>"klq brexp (uk2) : lp(uk)| > exp (—7), Vk

m

1
@ Define up = bx—~—F— exp (1kz), n > 1
= 2 By e P (k)

n—oo

Q@u—0 Q Thnu,=vioraln>1
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span{exp (A2) : [p(A)] < exp(—7)}

(f
© The sets anfexp(A2) : [o(A)] > exp(—)}

are dense in H(C)
ue Unspan{exp(A\z) : |o(N)| < exp(—7)}
u=>"gq acexp (Mz) (M| < exp (=), Vk
v e VNspan{exp(Az) : |p(A)] > exp(—7)}
V=351 bicexp (1k2) ¢ [ (p)| > exp (=), Vk

m

1
@ Define up = bx—~—F— exp (1kz), n > 1
= 2 By e P (k)

n—oo

Q@u—0 Q Thnu,=vioraln>1

o Take the sequence (U + up)n
Q v+u,eUforn>>

@ Therefore (Tp 5)n is transitive (even mixing!)
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Observe also that (f(b)), must meet B(c, <) since b € Ay. Recall that

1 n—1 . n—oo
A=< beA: n ZXB(C,&)(fI(b)) — u(B(c, )
=0
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Sketch of proof (P is chaotic if f is chaotic)

@ Take a € A n-periodic for f
P'(a,u) = (f"(a), hn(a) T"u) = (a, hn(a) T"u)
P (a,u) = (a, hy(a)k T u), k > 1
@ If u=exp(Az) we have
P™(a,exp(A2)) = (&, (hn(@)p(N)") exp(A2)), k > 1
@ Idea: take enough exponentials satisfying (h,(a)p(A)™)k = 1
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Sketch of proof (P is chaotic if f is chaotic)

@ Take a € A n-periodic for f
P"(a,u) = (f"(a), ha(a) T"u) = (a, hp(a) T"u)
P (a,u) = (a, hy(a)k T u), k > 1

@ If u=exp(Az) we have
P™(a,exp(Az)) = (a, (hn(@)p(A)")  exp(A2)), k > 1

@ Idea: take enough exponentials satisfying (h,(a)p(A)™)k = 1

@ Since |h| > 0 we have h,(a) # 0. Suppose h,(a) € R (if not rotatel).
Take A := {|hn(a)| """ exp(ari), o € Q}

@ All vectors in span{exp(A\z) : ¢(\) € A} are periodic for (T4 5)s>0 and
the set is dense in H(C)

@ The following is a dense set of periodic points for P
U {(a,u) : uespan{exp(A\z) : o(\) € A}}

a f-periodic

Note that a single periodic point of f will suffice for the fibre (T,n)n>0 to have a dense
set of periodic points (for example a single fixed point)
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Toplogical dynamics approach with no ergodicity

Let A be a compact metric space, f : A — A a continuous map and
h: A — C a continuous function with |h| > 0.

Let T: H(C) — H(C), T # Al, be an operator that commutes with the
differentiation operator D.

Consider the skew-product

P:AxX—-AxX
(a,x) — (f(a), h(a)Tx)

i) Pis transitive if f is transitive
ii) Pis chaotic if f is chaotic
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