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Weight functions (in the sense of BMT) 1/2

Definition

A non-quasianalytic weight function is a continuous increasing

function w: [0, 00) — [0, 00) satisfying the following properties:

(o) 3K > 1 such that w(2t) < K(1 4+ w(t)), Vt > 0;

(B) th dt < o0

() EIaER 3b > 0 such that w(t) > a + blog(1 +t), Vt > 0;
) ¢

(0

Sometimes, we also consider the stronger condition
(7): log(1 +t) = o(w(t)) as t — oc.
We define w(z) = w(|z|), for z € CV.

w(t) == w(e!) is a convex function.
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Given a non-quasianalytic weight function w, we define the Young
conjugate ¢}, of ¢, as the function ¢,: [0,00) — [0, 00) by

@l (s) :=sup{st — p,(t)}, s>0
>0

The Young conjugate function ¢}, is convex and increasing, with
(L) = Pu-
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The space S,,(RY) (in the sense of Bjorck)

Definition
SW(RN)Ais the Fréchet space of all functions f € L'(R") such
that f, f € C°(R") and YA > 0 and Vo € NYY

1€20% f|loo < 00 and [|€}0% f|loo < 00,

where f denotes the Fourier transform of f.

The elements of S,,(RY) are called w-ultradifferentiable rapidly
decreasing functions of Beurling type.
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The spaces &,(RY) and D, (RY)

Definition
E,(RY) is the Fréchet space of all functions f € C*°(RY) such
that

a —)“PZ<%)
prA(f) == sup sup |0°f(x)|e <00
rxeK aeNé\’

for all K compact subset of R and \ > 0.

The elements of &,(RY) are called w-ultradifferentiable functions
of Beurling type.

In a natural way, one defines D,,(R"), whose elements are called
w-test functions of Beurling type.
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The spaces Oy ,(RY) and O¢,(RY) 1/2

Definition
For m € N,n € Z, we define the Banach space OZ?W(RN) as the
set of all functions f € C>°(RY) satisfying the following condition:

— _ * M
Tmm(f) := sup sup ‘8af($)’e nw(x) m‘Pw< m) < 0.
€N} zeRN

We define Oy, (RY) := projirldO,Tw(]RN), which is a projective

limit of (LB)-spaces.

The elements of OM,M(IRN) are called w-slowly increasing
functions of Beurling type.
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The spaces Oy, (RY) and O¢,(RY) 2/2

Definition
We define Oc,(RY) := ind proj O}",,(R™), which is an
(LF)-space.

The elements of OC,M(RN) are called w-very slowly increasing
functions of Beurling type.

Theorem

The inclusions
Du(RY) = Su(RY) = Ocw(RY) = Opr(RY) < E,(RY)

are well-defined, continuous and with dense range.
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Description via the L”-norms

Definition
Form € N,n € Z and p € [1,00), we define the Banach space
Om, (RN) as the set of all functions f € C*°(RY) such that:

n7w7p

]

rP (f) = Z Hefnwaaf”ge—mp@:;< m) < oo.

m’n?p
aENg

Analogously ,we obtain the PLB-space Oy, ,(RY) and the
(LF)-space O¢ o p(RY).

Theorem

Omw(®Y) = Oprwp(RY) and O¢(RY) = Oc n(RY)
algebraically and topologically, for all p € [1, c0).
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O (RY) is the space of all multipliers

Theorem

Consider f € C*(RY). Then the following properties are
equivalent:

1. f € OM,M(RN),'
2. For every g € S,(RY), we have fg € S,(RN);
3. Forevery T € S, (RY), we have fT € S (RV).

Moreover, if f € Opr,(RY), then the linear operators
My: Su(RY) — S, (RY) defined by My(g) := fg, for
g € Su(RY), and My: SL(RN) — S, (RY) defined by
My (T) := fT, for T € S,,(RY), are continuous.
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Topologies on Oy, (RY)

Theorem
f € Onw(RY) if, and only if, Vg € S,(RY) and ¥m € N we have

Gm,g(f) = sup [|g 0 f|loo < o0

aENg

The set {gm,g}menges, (rv) defines a complete Hausdorff
Ic-topology 7.

Onrw(RY) (via the map M) can be also endowed with either the
topology 7, or 7, induced by £y(S,,(RY)) and Ls(S,(RY)).

Due to a result of A. Debrouwere and L. Neyt!, it follows that

t =7 =17, = Ts, Where t is the PLB topology.

Onrw(RY) is a complete Montel PLB-space.

! Weighted (PLB)-spaces of ultradifferentiable functions and multiplier
spaces, Monatsh Math 198, 31-60 (2022)
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Op,(RY) is the space of all convolutors

Theorem
For T € S/,(RY), consider the following conditions:

1. T € Og,,(RY),

2. Forevery f € S,(RY), we have T x f € S,,(RY);

3. Forevery S € S/ (RY), we have T x S € S, (RV).
Then (1)=(2) and (2)<(3). If, in addition, w satisfies the
stronger condition (v'), then (2)=(1).

Moreover, if T € O’C’M(RN ), then the linear operators

Cr: Su(RY) = S,(RY) and Cr: S, (RY) — S/ (RY) defined by
Cr(f):==Txf, for f € S,(RY) and C1(S) :=T % S, for

S € S (RN) are continuous.
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The action of the Fourier Transform on the multiplier and
convolutor spaces

Theorem (Albanese, M.)

Assume that w satisfies the stronger condition (v'). The Fourier
transform F is a topological isomorphism from the space
((’)’CM(RN ), T) onto the space Oy ,(RY). Furthermore, for

T e O’CM(RN) and S € S/, (RY), we have

F(T % 8) = F(T)F(S),
and if f € Oy ,(RN) and T € S.,(RN), we have

F(fT) = (2r)~N f « F(T).
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For all k € S,,(RY) there exists [ € S,(RY) such that
|k(z)| < 12(z) for every xz € RY

The spaces (Opro(RY), ), (S, (RY),-) are multiplication
topological algebras.
The space (Oc,,(RY), ) is a multiplication algebra, but it is not a
multiplication topological algebra.

'
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Assume that w satisfies the stronger condition (
b 1

. Then
(OF ,(RY), %), (Su(RYN), %) are convolution topologlcal algebras.
The space ( EM,LU(RN)’*) is a convolution algebra, but it is not a
convolution topological algebra.
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E M(E) C(E)

S.(RY) Omw(®RY) | O ,(RY)
S,(RY) Onw(®Y) | O, (RY)
Onw@®RY) | Omw(@®RY) | Ofy (RY)
O ®RY) | Omw(@®RY) | Of (RY)
Ocw®RY) | Ocw(@®RY) | Op ,(RY)
tw@®Y) | 0cu®Y) | Op ,(RY)




Topologies on O, ,(RY)

We consider the Fréchet space O, ., ,(RY) := proj = Op! (RM),

n7w7p
forn € Nand 1 < p < oo. The family {0y, 4 »(RY)} e is a
reduced inductive spectrum of reflexive Fréchet spaces.
Hence, we can define on the space (’)’C’W(RN) the projective
topology 7, via its projective spectrum {0}, , ,(RY)}nen.

Proposition

The inclusion ((’)/CM(RN),TPT) — (O’CM(RN), Tp) is continuous.
Theorem

Assume that w satisfies the stronger condition (v'). Then
8 = Tpr = 15 on O ,(RY) (75 is the strong topology).
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Proof 1/3

For all n € N we set

lo

U o= {f € Su®Y): quan(f) = sup 0" flloce ™ () < 13,

aGNg

The family {U, }nen is a basis of closed absolutely convex
0-neighborhoods of S,,(RY).

It suffices to show that for all n € N and every bounded, closed
absolutely convex subset B of S, (RY), the set

M(B,Uy) == {T € O ,(RY): Tx f € U,,Vf € B}

contains (7 (the polar taken in O’C?M(RN)), for some bounded
subset C of O, 2(RY) and some n’ > n.
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Proof 2/3

For a fixed n € N, we observe that if T' € O’va(RN), then
T € (07 ,(RN)) o/ ), for some m € N which can be

n',w,2 v "myn’,2
always supposed greater or equal than n’ = [Kn] +1 > n.

Due to a structure theorem, there exists {fa}aeNoN such that

lo

2 *
T = ZQEN(J]\I 804fa and ZOLEN(I)\’ ||€n/wfa||%€ m‘Pw( m) < 0.

Fixed a bounded closed absolutely convex subset B of S,,(RY), we
obtain for every f € S, (RY) that

sup gnn(T* f) <c (sup O—2m7n172(f)> T;n,n’,2(T)7
feB feB

2]

where 3, o(f) = Sacy €00 fl3e” " (5) and ¢ > 0.
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Proof 3/3

For each m > n/, set A, := ¢ SUp se g Tom,nw2(f) < 00 and

Vinn = {f € On 2a(RY): 1y o(f) < 1}. Then

C = N> Am Vi is @ bounded closed absolutely convex subset
of On’,w,2 (RN)

Now, if T € T(UpswAs! Vi), then T = 37
with Ty, €V for all m >0’ and 3, <. | < 1. This implies
SUDfep Gon(T* f) <1 ie,T e M(B,U,).

Since M(B,U,) is 0 := o( /c,w(RN)a Oc.w(RY))-closed, it follows

(%

that C'C M(B,U,), being C=T(UpswAm' Vi) - 0

-1
m>n’ OlmAm Tm,
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Definitions

An (LF)-space E = ind ,, E, is called
1. sequentially retractive, if every convergent sequence in E is

contained in some step E,, and converges there;

2. quasi-regular, if for every bounded subset B of E there exists
n € N and a bounded subset C of E,, such that B C C,
where the closure is taken in E;

3. regular, if every bounded subset in E is contained and
bounded in E,,, for some n € N.
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Assume that w satisfies the stronger condition (

. Then
particular, O¢ ., (RY) is a complete (LF)-space

The Fréchet spaces Oy,11,,(RY) and &,(RY) induce the same
topology on the bounded subsets of O,, ,,(RY).

«O> (Fr «E> E>» DA
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Proof 1/3

Firstly, we show that O¢,,(RY) is quasi-regular.
If B is a bounded closed absolutely convex subset of O¢,(RY),

then its polar Bisa 0-neighborhood of (O/C’M(RN),TB). But
( /CM(RN),TQ) = proj « O;7w,p(RN), for any 1 < p < 0o. Hence,

n
there exists a bounded absolutely convex subset C' of O, ,, ,(RY)

for some n € N such that 8’ Qé, thereby implying by the bipolar

[e]e] [e]e] N

theorem that B=BC (C=C.

Claudio Mele On the spaces Oy, (RN) and O¢ (, (RN)



Proof 2/3

Now, we show that O¢ ,(RY) is regular.

Let B be a bounded subset of O¢,(R™) and let C' be a bounded

subset of O, ,(RY) for some n € N such that B C C. Let ot
be the closure of C' in On+1,w(R ). The Fréchet spaces
Ont1.0(RY) and &,(RY) induce the same topology on C.

Therefore, the closure of C' in &,(R") coincides with C’nJrl As
OCVW(RN) — £,(RY) continuously, it follows that " is also a

closed subset of O¢,(RY) and hence, B C C C " This
implies that B is contained and bounded in OnH,W(RN).
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Proof 3/3

Finally, we show that Oc,,(RY) is sequentially retractive.

Let {f;}; be a null sequence in O¢,(RY). Since O¢,(RY) is a
regular (LF)-space, there exists n € N such that {f;}; is contained
and bounded in O, ,(RY). We observe that {f;}; is a null
sequence also in &, (RY). Therefore, {f;}; is a null sequence of
Ont1,0(RY). This shows that Oc ,(RY) is a sequentially
retractive (LF)-space.

The completeness follows by a result of Wengenroth.

The fact that the bounded subsets of O¢,(RY) are relatively
compact follows by arguing as done for the null sequences. O
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