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A linear operator A on §'(RN) is globally regular if

ue8®RN), Aue$RN) = ues®RN).

A polynomial a(x, &) on R"” x R is globally hypo-elliptic if

. |Va(x, )| _
im s g
x| +lEl =00 1+ |a(x, &)

Theorem (Tulovskii and Subin, 1973)

ifa(x,&)= > x*¢ is globally hypo-elliptic, then
lal+|8]<m
a(x,D) = Z x*D}
||+ B]<m
is a globally regular operator.

y
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@ Are there necessary and sufficient conditions for global
regularity of an operator A : 8'(RV) — 8/(RN)? No

This is a difficult problem, and it is still open even for very

special classes of operators (for instance, ordinary differential
operators).

@ [F. Nicola, L. Rodino, 2013] Necessary and sufficient conditions
for global regularity of ordinary differential operators with
polynomial coefficients under additional hypotheses.

@ [E. Buzano, A. O., 2020] Necessary and sufficient conditions for
global regularity of ordinary differential operators of order 2 with
polymonial coefficients of degree 2.

@ [E. Buzano, 2022] Necessary and sufficient conditions for global
regularity of ordinary differential operators of order 2 with
polymonial coefficients of any degree.
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@ If not, are there sufficient conditions for global regularity,
different from global hypoellipticity?
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@ If not, are there sufficient conditions for global regularity,
different from global hypoellipticity?

Consider differential operator with polynomial coefficients:

Z Capx“DP, where D? = (—i)/Pl9P.

|a+-Bl<m
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@ If not, are there sufficient conditions for global regularity,
different from global hypoellipticity?
Consider differential operator with polynomial coefficients:
> capx*DP, where D = (-i)15”.

latBl<m

@ [M.-W. Wong, 2005] The Twisted Laplacian
1 \2 1 \2
(B -3%) +(Dx+39)

is globally regular, although its symbol (1 — %X)2 + (€+ 1éy)2 is
not globally hypo-elliptic.
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@ If not, are there sufficient conditions for global regularity,
different from global hypoellipticity?

Consider differential operator with polynomial coefficients:
Z Capx“DP, where D? = (—i)/Pl9P.

|a+-Bl<m

@ [M.-W. Wong, 2005] The Twisted Laplacian
1 \2 1 \2
(B -3%) +(Dx+39)

is globally regular, although its symbol (1 — %X)2 + (€+ 1éy)2 is
not globally hypo-elliptic.

@ [E. Buzano, A. O., 2020] Global regularity for a class of PDO
containing the Twisted Laplacian.

v
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© Can the problem be considered in more general
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A linear operator A on 8'(RN) is globally regular if
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© Can the problem be considered in more general
frameworks than Schwartz classes?

@ [C. Baiti, D. Jornet, A. O., 2017], [C. Mele, A. O., 2021] Global
regularity in ultradifferentiable spaces for non hypoelliptic
operators.

Definition

A linear operator A on 8'(RN) is globally regular if

ue8'®RN), AueSRN) = ues®RV).
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Anisotropic ultradifferentiable spaces

Definition
A weight function (in the sense of Braun-Meise-Taylor) is a
continuous increasing function w : [0, 00) — [0, 00) such that:

(o) there exists K > 1 such that w(2t) < K(1 + w(t)) for every
t>0;

(B) w(t) =o(t) as t — oo;

() there exist a € R, b > 0 such that w(t) > a+ blog(1 + {),
for every t > 0;

(0) pu(t) = woexp(t)is a convex function.
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Anisotropic ultradifferentiable spaces

Definition

A weight function (in the sense of Braun-Meise-Taylor) is a

continuous increasing function w : [0, 00) — [0, 00) such that:

(a) there exists K > 1 such that w(2t) < K(1 + w(t)) for every
t>0;

(B) w(t)=o(t)ast — oo;

() there exist a € R, b > 0 such that w(t) > a+ blog(1 + {),
for every t > 0;

(0) pu(t) = woexp(t)is a convex function.

We define the Young conjugate ¢} of ¢, as

0, (8) :==sup{ts — p,(t)}, s>0.
>0

As usual, we extend w to all R by defining w(t) = w(|t]).
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Anisotropic ultradifferentiable spaces

Consider a collection of weight functions w;, o for j=1,..., N.

A. Oliaro Global regularity in ultradifferentiable spaces



Anisotropic ultradifferentiable spaces

Consider a collection of weight functions w;, o for j=1,..., N.
We denote by Q and X the functions on RN defined by
Q=w1 @ - Bwy, L=01D - Do,
in the sense that, for x € RV,
Q(x) = wi1(xq) + - + wn(Xn),
Y(X):=o1(x1) + -+ on(xn).
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Anisotropic ultradifferentiable spaces

Consider a collection of weight functions w;, o for j=1,..., N.
We denote by Q and X the functions on RN defined by
Q=w1 @ - Bwy, L=01D - Do,
in the sense that, for x € RV,
Q(x) = wi1(xq) + - + wn(Xn),
Y(X):=o1(x1) + -+ on(xn).

Definition
Let Q, ¥ be as before. We define 5(R") as the space of all
functions f € L'(RV) such that f, f € C(RV) and

| exp(AQ)Df||oe < o0, for each A > 0, o € NY,
| exp(AZ)D°F|| s < o0, for each A > 0, o € N}.

v

T = = =
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Anisotropic ultradifferentiable spaces

The weight functions w; and o; of course do not need to be
different.

v
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Anisotropic ultradifferentiable spaces

The weight functions w; and o; of course do not need to be
different.

In the case when some of them coincide we can put together
the corresponding variables, in the following sense: if for
instance w» = wq, We can choose

Q = wi(X) +wi(x2) +wa(x3) + - + wn(xn),

or
Q = wi(|(x1, %2)]) + wa(x3) + - - - + wn(Xn),

and the corresponding space Sg(RN) does not change.
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Anisotropic ultradifferentiable spaces

The weight functions w; and o; of course do not need to be
different.

In the case when some of them coincide we can put together
the corresponding variables, in the following sense: if for
instance w» = wq, We can choose

Q= w;y (X1) + wrq (Xg) T W3(X3) G ooeaF UJN(XN),
or
Q= wi(|(x1,%)[) + ws(Xg) + -+ - + wn(Xn),
and the corresponding space Sg(RN) does not change.
In particular, if wg =---=wny =01 =+ = on := w, the space

8&(RN) coincides with the space 8., as defined in [Bjérck,
1966].

= = = =
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Basic properties

o 85(RN) c 8(RN), with continuous inclusion.

o 8'(RY) c (85)'(RM).

e J:85(RN) — 8¢(RN) is a continuous isomorphism.

@ 85(RN) is closed under convolution, arithmetic product of
functions, translation and modulation.

@ Consider the short-time Fourier transform

i) - |

[ (gt = X) o

Let g € 85(RN), g # 0. Then for f € (85)'(RN) the
following conditions are equivalent:
(1) fe85RN);
(2) For each X\ > 0 there exists a constant Cy > 0 so that
[Vof(x,€) < Cxexp(—A(Q(x) + X(€))),

for each (x, &) € RN,
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Young conjugates

We recall that
Q(x) = wi(xq) + - + wn(Xn)

Y(x) :=o01(x1) + -+ on(Xn)-
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Young conjugates

We recall that
Q(X) = W (X1) +---+ wN(XN)

Y(x) :=o01(x1) + -+ on(Xn)-

We have the Young conjugates go;;j and cp:_/, of v, and ¢,
respectively, and we define

do(Y) = ¢l (1) + -+l (In)

O3(¥) = @5, (V1) + -+ + w5, (Yn)-
for y € RV,
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Theorem: Equivalent seminorms in 85(RV)
Let 1 < p, g < co. Then the following conditions are equivalent:
(1) fe 85(RN),ie, YA >0, a e NJ
| exp(AQ)D*floe < 00, || exp(AZ)D*F||se < oc.
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Theorem: Equivalent seminorms in 85(RV)

Let 1 < p, g < co. Then the following conditions are equivalent:
(1) fe 85(RN),ie, YA >0, a e NJ
| exp(AQ)D*floe < 00, || exp(AZ)D*F||se < oc.
(2) VA>0, a € N}
| exp(AQ)D*f|p < o0, ||exp(AZ)D*F|lq < co.
(3) VA >0, a e NY
lexp(AQ)x* 1] < o0, | exp(AE)E T g < oc.

(4) VA>0 X
lexp(AQ)f[lp < o0, [|exp(AT)f|lg < oo

(5) (a) YA >0, 8 € NY, there exists Cs , > 0 such that Vo € N}Y

lexp (—A®5 (5)) x”Df|, < Cp.x;

(b) Vi >0, a € N, there exists C, ,, > 0 such that V3 € N}
| exp (=g (5))x"Df|, < Ca
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Theorem: Equivalent seminorms in 85(RV)

Let 1 < p, g < co. Then the following conditions are equivalent:
(1) fe 85(RN),ie, YA >0, a e NJ
| exp(AQ)D*floe < 00, || exp(AZ)D*F||se < oc.
(2) VA>0, a € N}
| exp(AQ)D*f|p < o0, ||exp(AZ)D*F|lq < co.
(3) VA >0, a e NY
lexp(AQ)x* 1] < o0, | exp(AE)E T g < oc.

(4) VA>0 X
lexp(AQ)f[lp < o0, [|exp(AT)f|lg < oo

(5) (a) YA >0, 8 € NY, there exists Cs , > 0 such that Vo € N}Y
lexp (=A% (§)) x?Df|, < Cyai
(b) Vu >0, € N , there exists C,,,, > 0 such that Vg ¢ NQ’
| exp(—104(£))x7Df], < Cavs
(6) YA, u > 0there exists C, » > 0 such that Vo, 5 € N{,\’
[exp(—APE(§) — 195 (1)) ¥ D ||, < G-
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Wigner type transform

Given f, g € 8§(RN), the Wigner transform of f, g is given by

W(f, 9)(x,&) = /e—"fﬁf <x+ ;) g (x — > at
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We refer to some papers of Cohen and Galleani (2002-2004),
related to engineering applications.
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We refer to some papers of Cohen and Galleani (2002-2004),
related to engineering applications.

W(Au, Au) = W(f,f)
I
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Given f, g € 8§(RN), the Wigner transform of f, g is given by

W(f, 9)(x,&) = /e—”ﬁf <x+ ;) g (x — > at

We refer to some papers of Cohen and Galleani (2002-2004),
related to engineering applications.

W(Au,Au) = W(f,f)
[ [
B(W(u,u)) F

Then look for a solution of the equation Bg = F.
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Wigner type transform

Given f, g € 8§(RN), the Wigner transform of f, g is given by

W(f, 9)(x,&) = /e—”ﬁf <x+ ;) g (x — > at

We refer to some papers of Cohen and Galleani (2002-2004),
related to engineering applications.

W(Au,Au) = W(f,f)
[ [
B(W(u,u)) F

Then look for a solution of the equation Bg = F.

If Ais a (1 variable) linear operator with polynomial coefficients,
B is a (2 variables) linear operator (with polynomial coefficients). )
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Wigner type transform

Definition

Given u € 85(R?N), we define Wig[u] : R2V — C as

Wig[u](x, £) = /R exp(-ite)u (x + é,x - ;) dt.
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Wigner type transform

Definition

Given u € 85(R?N), we define Wig[u] : R2V — C as

Wig[u](x, £) = /R exp(-ite)u (x + é,x - ;) dt.

We consider an operator with polynomial coefficients

P(X,y,Dx,Dy) = > Capyux®y’DiDy,
|a+-B+y+p|<m
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Wigner type transform

Definition

Given u € 85(R?N), we define Wig[u] : R2V — C as

Wig[u](x, £) = /R exp(-ite)u (x + é,x - ;) dt.

We consider an operator with polynomial coefficients

P(X,y,Dx,Dy) = > Capyux®y’DiDy,
|a+-B+y+p|<m

Wig[Pu] = 77| Wig[u]
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Let
R : 85(R2N) — 85(R2N), j=1,...,N,

and consider R = (R, ..., Rn)
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Let
R : 85(R2N) — 85(R2N), j=1,...,N,

and consider R = (R, ..., Ry), in the sense that for w € 85

Rw = (Ryw,...,Ryw).
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Let
R : 85(R2N) — 85(R2N), j=1,...,N,

and consider R = (R, ..., Ry), in the sense that for w € 85
Rw = (Ryw,...,Ryw).
We use the multi-index notation. For v € N,

R'=R]"---RY.
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If R satisfies commutation relations, i.e., R;R; = R;R; for every
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If R and T are vectors of operators, and a, b € C we can
consider

aR+ bT = (aR; + bTy,...,aRy + bTy)
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Let
R : 85(R2N) — 85(R2N), j=1,...,N,

and consider R = (R, ..., Ry), in the sense that for w € 85
Rw = (Ryw,...,Ryw).
We use the multi-index notation. For v € NV,
R' =R RN,

If R satisfies commutation relations, i.e., R;R; = R;R; for every
ij=1,...,N,then

R'R* =R, ~ uecNy.

If R and T are vectors of operators, and a, b € C we can
consider

aR+ bT = (aR; + bTy,...,aRy + bTy)

and then it makes sense to write (aR + bT)” for a multi index ~.
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In particular, for R2N 5 (x, y) we consider

MiF(x,y) = (X1 F(x,¥), ..., xnF(X,¥)),
MsF(x,y) = i F(x,y),... v}’NF(X ¥)),
DiF(x,y) = (D F(X,¥), -, DxyF(X,¥)),
DsF(x,y) = (Dy, F(x,¥),- -, DyNF(X,y))-
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In particular, for R2N 5 (x, y) we consider

MiF(x,y) = (X1 F(x,¥), ..., xnF(X,¥)),
MsF(x,y) = i F(x,y),... v}’NF(X ¥)),
DiF(x,y) = (D F(X,¥), -, DxyF(X,¥)),
DsF(x,y) = (Dy, F(x,¥),- -, DyNF(X,y))-

Then

P(X7y7 DXvD,V) = Z Ca,B’Y,uXayIBD;Duv
|t-B4y4-p|<m

can be written as

P = P(Mf’ M87 va DS) = Z CQB»YMM? Mg D;/ D'le'
|t B4y+pl<m
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Wigner type transform and operators

Let P be a linear PDO with polynomial coefficients as before.
Then for each u € 8(R2N), the following formula holds:

Wig [P (My, Mg, D, Ds) u] = P(M, Ms, Ds, Ds) Wig[u],
for

~ D D D:; D
P(M;, Ms, Dy, Ds) — P (Mf Do e 2 D Ms) |

Observe that P is still and operator with polynomial coefficients./
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Wigner type transform and operators

Let P be a linear PDO with polynomial coefficients as before.
Then for each u € 8(R2N), the following formula holds:

Wig [P (My, Mg, D, Ds) u] = P(M, Ms, Ds, Ds) Wig[u],
for

~ D D D:; D
P(M;, Ms, Dy, Ds) — P (Mf Do e 2 D Ms) |

Observe that P is still and operator with polynomial coefficients./

What about global regularity?
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Global regularity

ng [P(Mfa MS? Dfa DS) U] = P(Mfa MS» Dfa DS) ng[U]

@ A linear operator P on 8'(R?V) is 8-globally regular if

ue 8 ®R®), PuecsRN) = uesRN).
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Global regularity

ng[P(MfaM57DfaDS) U] (MfaMS>Df7DS) ng[U]

@ A linear operator P on 8'(R?V) is 8-globally regular if

ue 8 ®R®), PuecsRN) = uesRN).

@ Alinear operator P on (85)'(R?V) is 85-globally regular if

e (85)(R2N),  Pue 85(R3N) — u e S5(R2N).
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Global regularity

Wig [P (Mf, Ms, Dy, Ds) u] = P(M;, Ms, Dy, Ds) Wig[u]
@ A linear operator P on 8'(R?V) is 8-globally regular if
ue 8 ®R®), PuecsRN) = uesRN).

@ Alinear operator P on (85)'(R?V) is 85-globally regular if

ue (85)(R?N), PuecSE(R?Y) = ue S5(R2N).

v

@ If P has globally hypoelliptic symbol, P is globally regular.

i = = = =
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Global regularity
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@ A linear operator P on 8'(R?V) is 8-globally regular if
ue 8 ®R®), PuecsRN) = uesRN).

@ Alinear operator P on (85)'(R?V) is 85-globally regular if

ue (85)(R?N), PuecSE(R?Y) = ue S5(R2N).

v

@ If P has globally hypoelliptic symbol, P is globally regular.
@ The symbol of P is never globally hypoelliptic.
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Global regularity

Wig [P (Mf, Ms, Dy, Ds) u] = P(M;, Ms, Dy, Ds) Wig[u]
@ A linear operator P on 8'(R?V) is 8-globally regular if
ue 8 ®R®), PuecsRN) = uesRN).

@ Alinear operator P on (85)'(R?V) is 85-globally regular if

ue (85)(R?N), PuecSE(R?Y) = ue S5(R2N).

v

@ If P has globally hypoelliptic symbol, P is globally regular.
@ The symbol of P is never globally hypoelliptic.
@ Pis S-globally regular <= Pis S-globally regular.
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Global regularity

Wig [P (Mf, Ms, Dy, Ds) u] = P(M;, Ms, Dy, Ds) Wig[u]
@ A linear operator P on 8'(R?V) is 8-globally regular if
ue 8 ®R®), PuecsRN) = uesRN).

@ Alinear operator P on (85)'(R?V) is 85-globally regular if

ue (85)(R?N), PuecSE(R?Y) = ue S5(R2N).

v

@ If P has globally hypoelliptic symbol, P is globally regular.
@ The symbol of P is never globally hypoelliptic.

@ Pis S-globally regular <—- Pis S-globally regular.

@ What about 85-globally regularity?

i = = = =

A. Oliaro Global regularity in ultradifferentiable spaces



Action of Wigner type transform on 85

Wig[u](x, €) = /RN exp(—it&)u (x + é,x = ;) at, uc sg(RZN).J
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Action of Wigner type transform on 85

Wig[u](x, €) = /RN exp(—it&)u (x + é,x = ;) at, uc sg(RZN).J

Qx,y) =wr1(x1) + - +wi n(Xn) Fwo 1 (Y1) + - +wan(Yn),
Y(&n) =011(6) + -+ o n(én) +o21(m) + - + o2 n(nn).
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Action of Wigner type transform on 85

Wig[u](x, €) = /RN exp(—it&)u (x + é,x = ;) at, uc sg(RZN).J

Qx,y) =wr1(x1) + - +wi n(Xn) Fwo 1 (Y1) + - +wan(Yn),
Y(&n) =011(6) + -+ o n(én) +o21(m) + - + o2 n(nn).

Then
Wig : S5(R?V) — 851(R2V);

where
Qi(x,y) = wi1(X1) + - FwiNn(Xv) + 021 (1) + -+ o2 n(Wn),
Yi(&n) =011(&) + - +orn(En) + w21 (m) + - + wa n(nn)-
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Action of Wigner type transform on 85

Wig[u](x, €) = /RN exp(—it&)u (x + é,x = ;) at, uc sg(RZN).J

Qx,y) =wr1(x1) + - +wi n(Xn) Fwo 1 (Y1) + - +wan(Yn),
Y(&n) =011(6) + -+ o n(én) +o21(m) + - + o2 n(nn).

Then
Wig : S5(R?V) — 851(R2V);
/
Wig : (SE)/(R™) — (s5!) (R2Y);
wig™" : S5(RN) — 85! (R2V);
!/
Wig™": (SB)(RM) - (s31) (R2V).
where

Qi(x,y) = wi1(X1) + - FwiNn(Xv) +o21(01) + -+ o2 n(Wn),
Yi(&n) =011(&) + -+ o1 n(En) +w2,1(m) + - + wa n(nn)-
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Global regularity in 85

Wig [P (Mg, Ms, Dy, Ds) u] = P(M, Ms, Dy, Ds) Wig[u],
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Global regularity in 85

Wig [P (Mg, Ms, Dy, Ds) u] = P(M, Ms, Dy, Ds) Wig[u],
Theorem [C. Mele, A. O.]

Let P be a linear PDO with polynomial coeff|C|ents andlet Q, ¥,
Q4, X1 be as before. P is 85-regular <= Pis § 1-regular
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Global regularity in 85

ng [P (Mfa MS7 Dfa DS) U] = ﬁ(va MSa Df> DS) ng[U],

Theorem [C. Mele, A. O.]

Let P be a linear PDO with polynomial coefﬁments andlet Q, ¥,
Q4, X1 be as before. P is 85-regular <= Pis 8 1-regular

More general transformations ban be used instead of Wigner
type transform, namely, transforms in the Cohen class

Q[u] = k x Wig[u]
for kernels « of the kind

k(X,y) = 5_})( {eXp< ’ZP/ &> 1j )]

n—y

where p;, j=1,...,Nare polynomials in R? of any order, with
coefficients in R.
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0#£p(z.¢)= > Capz®’, cCapeC, z, (RN
la+B]<m
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0#£p(z.¢)= > Capz®’, cCapeC, z, (RN
la+B]<m

The following operators are 85-regular for every Q and

Py = Z Caﬁ( ! 2}’1 Jr":i1(DX1+D.V1)) ( NzyN+RN(DXN+DYN)>
lat+B|<m

B B4 D, —D B
(MJJNM—M)) ...(%+TN(}/N—XN)) :

D aq D N
Po= > cas (x1 —%—’%(Dn)) (xN_T_ N(DXN)>

la+B|<m
Dy, B4 Dy, B
(X + 7 — R1(Dx1 )) (X + T — RN(DXN)> H

D “ (D o
P3 = Z Cap (% +y1 — T1(Dy, )) (% TN = T’V(DVN))

la+Bl<m

D B1 D BN
(Z =yt T000) o (2w Tu(O)

where R; and T; are arbitrary polynomials with real coefficients.



The operators in R?

2 2
<Dx + % y> + (Dy - ;x) (Twisted Laplacian)

o1Bo2

are S, &

functions wq, wo, o1, 02.
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The operators in R?

2 2
<Dx + % y> + (Dy - ;x) (Twisted Laplacian)

1 \2h 1\ 2k
(DX+2y> + <Dy—2x) with h,k e N

o1@o2

are S, &

functions wq, wo, o1, 0o.
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The operators in R?

2 2
<Dx + % y> + (Dy - ;x) (Twisted Laplacian)

1 \2h 1\ 2k
(DX+2y> + <Dy—2x) with h,k e N

(x - %Dy + Q(Dx)>2 + (y + %Dx + Ff(Dy)>2

(x — Dy + Q(Dx))* + (y + R(Dy))?

for arbitrary differential operators Q(Dx) and R(Dy) with real
constant coefficients, are 87! 272-regular, for every weight
functions wq, we, o1, 02.
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