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Definition

A linear operator A on S′(RN) is globally regular if

u ∈ S′(RN), Au ∈ S(RN) =⇒ u ∈ S(RN).

Definition
A polynomial a(x , ξ) on Rn × Rn is globally hypo-elliptic if

lim
|x |+|ξ|→∞

∣∣∇a(x , ξ)
∣∣

1 +
∣∣a(x , ξ)∣∣ = 0.

Theorem (Tulovskiı̆ and Šubin, 1973)

If a(x , ξ) =
∑

|α|+|β|≤m

xαξβ is globally hypo-elliptic, then

a(x ,D) =
∑

|α|+|β|≤m

xαDβ
x

is a globally regular operator.
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Remark
Global hypo-ellipticity regards both x and ξ. It is not necessary
for global regularity.

Questions
1 Are there necessary and sufficient conditions for global

regularity of an operator A : S′(RN) → S′(RN)?

2 If not, are there sufficient conditions for global regularity,
different from global hypoellipticity?

3 Can the problem be considered in more general
frameworks than Schwartz classes?
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Questions
1 Are there necessary and sufficient conditions for global

regularity of an operator A : S′(RN) → S′(RN)?

No

This is a difficult problem, and it is still open even for very
special classes of operators (for instance, ordinary differential
operators).

[F. Nicola, L. Rodino, 2013] Necessary and sufficient conditions
for global regularity of ordinary differential operators with
polynomial coefficients under additional hypotheses.

[E. Buzano, A. O., 2020] Necessary and sufficient conditions for
global regularity of ordinary differential operators of order 2 with
polymonial coefficients of degree 2.

[E. Buzano, 2022] Necessary and sufficient conditions for global
regularity of ordinary differential operators of order 2 with
polymonial coefficients of any degree.
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Questions
2 If not, are there sufficient conditions for global regularity,

different from global hypoellipticity?

Consider differential operator with polynomial coefficients:∑
|α+β|⩽m

cα,βxαDβ, where Dβ = (−i)|β|∂β.

[M.-W. Wong, 2005] The Twisted Laplacian(
Dy − 1

2
x
)2

+
(

Dx +
1
2

y
)2

is globally regular, although its symbol
(
η − 1

2 x
)2

+
(
ξ + 1

2 y
)2

is
not globally hypo-elliptic.

[E. Buzano, A. O., 2020] Global regularity for a class of PDO
containing the Twisted Laplacian.
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Questions
3 Can the problem be considered in more general

frameworks than Schwartz classes?

[C. Boiti, D. Jornet, A. O., 2017], [C. Mele, A. O., 2021] Global
regularity in ultradifferentiable spaces for non hypoelliptic
operators.

Definition

A linear operator A on S′(RN) is globally regular if

u ∈ S′(RN), Au ∈ S(RN) =⇒ u ∈ S(RN).
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Anisotropic ultradifferentiable spaces

Definition
A weight function (in the sense of Braun-Meise-Taylor) is a
continuous increasing function ω : [0,∞) → [0,∞) such that:
(α) there exists K ≥ 1 such that ω(2t) ≤ K (1 + ω(t)) for every

t ≥ 0;
(β) ω(t) = o(t) as t → ∞;
(γ) there exist a ∈ R, b > 0 such that ω(t) ≥ a + b log(1 + t),

for every t ≥ 0;
(δ) φω(t) = ω ◦ exp(t) is a convex function.

We define the Young conjugate φ∗
ω of φω as

φ∗
ω(s) := sup

t≥0
{ts − φω(t)}, s ≥ 0.

As usual, we extend ω to all R by defining ω(t) = ω(|t |).
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Anisotropic ultradifferentiable spaces
Consider a collection of weight functions ωj , σj for j = 1, . . . ,N.

We denote by Ω and Σ the functions on RN defined by

Ω = ω1 ⊕ · · · ⊕ ωN , Σ = σ1 ⊕ · · · ⊕ σN ,

in the sense that, for x ∈ RN ,

Ω(x) := ω1(x1) + · · ·+ ωN(xN),

Σ(x) := σ1(x1) + · · ·+ σN(xN).

Definition

Let Ω, Σ be as before. We define SΣΩ(RN) as the space of all
functions f ∈ L1(RN) such that f , f̂ ∈ C∞(RN) and

∥ exp(λΩ)Dαf∥∞ < ∞, for each λ > 0, α ∈ NN
0 ,

∥ exp(λΣ)Dα f̂∥∞ < ∞, for each λ > 0, α ∈ NN
0 .
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Anisotropic ultradifferentiable spaces

Remark
The weight functions ωj and σj of course do not need to be
different.

In the case when some of them coincide we can put together
the corresponding variables, in the following sense: if for
instance ω2 = ω1, we can choose

Ω = ω1(x1) + ω1(x2) + ω3(x3) + · · ·+ ωN(xN),

or
Ω = ω1(|(x1, x2)|) + ω3(x3) + · · ·+ ωN(xN),

and the corresponding space SΣΩ(RN) does not change.

In particular, if ω1 = · · · = ωN = σ1 = · · · = σN := ω, the space
SΣΩ(RN) coincides with the space Sω as defined in [Björck,
1966].
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Basic properties

SΣΩ(RN) ⊂ S(RN), with continuous inclusion.

S′(RN) ⊂ (SΣΩ)
′(RN).

F : SΣΩ(RN) → SΩΣ(RN) is a continuous isomorphism.
SΣΩ(RN) is closed under convolution, arithmetic product of
functions, translation and modulation.
Consider the short-time Fourier transform

Vg f (x , ξ) =
∫
RN

exp(−itξ)f (t)g(t − x)dt .

Let g ∈ SΣΩ(RN), g ̸= 0. Then for f ∈ (SΣΩ)
′(RN) the

following conditions are equivalent:
(1) f ∈ SΣΩ(RN);
(2) For each λ > 0 there exists a constant Cλ > 0 so that

|Vg f (x , ξ)| ≤ Cλ exp(−λ(Ω(x) + Σ(ξ))),

for each (x , ξ) ∈ R2N .
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Young conjugates

We recall that

Ω(x) := ω1(x1) + · · ·+ ωN(xN)

Σ(x) := σ1(x1) + · · ·+ σN(xN).

We have the Young conjugates φ∗
ωj

and φ∗
σj

of φωj and φσj

respectively, and we define

Φ∗
Ω(y) = φ∗

ω1
(y1) + · · ·+ φ∗

ωN
(yN)

Φ∗
Σ(y) = φ∗

σ1
(y1) + · · ·+ φ∗

σN
(yN).

for y ∈ RN .
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Let 1 ≤ p,q ≤ ∞. Then the following conditions are equivalent:
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Σ
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α
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µ

))
xβDαf

∥∥
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0∥∥ exp(−λΦ∗

Σ

(
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λ

)
− µΦ∗

Ω

(
β
µ

))
xβDαf

∥∥
p ≤ Cµ,λ.
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Wigner type transform

Given f ,g ∈ SΣΩ(RN), the Wigner transform of f ,g is given by

W(f ,g)(x , ξ) =
∫

e−itξf
(

x +
t
2

)
g
(

x − t
2

)
dt

We refer to some papers of Cohen and Galleani (2002-2004),
related to engineering applications.

W(Au,Au) = W(f , f )

= =

B (W(u,u)) F

Then look for a solution of the equation Bg = F .

If A is a (1 variable) linear operator with polynomial coefficients,
B is a (2 variables) linear operator(withpolynomialcoefficients).
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Wigner type transform

Definition

Given u ∈ SΣΩ(R2N), we define Wig[u] : R2N → C as

Wig[u](x , ξ) =
∫
RN

exp(−itξ)u
(

x +
t
2
, x − t

2

)
dt .

We consider an operator with polynomial coefficients

P(x , y ,Dx ,Dy ) =
∑

|α+β+γ+µ|≤m

cαβγµxαyβDγ
x Dµ

y ,

Wig[Pu] = ?? Wig[u]
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Let
Rj : S

Σ
Ω(R2N) → SΣΩ(R2N), j = 1, . . . ,N,

and consider R = (R1, . . . ,RN)

, in the sense that for w ∈ SΣΩ

Rw = (R1w , . . . ,RNw).

We use the multi-index notation. For γ ∈ NN
0 ,

Rγ = Rγ1
1 · · ·RγN

N .

If R satisfies commutation relations, i.e., RiRj = RjRi for every
i .j = 1, . . . ,N, then

RγRµ = Rγ+µ, γ, µ ∈ NN
0 .

If R and T are vectors of operators, and a,b ∈ C we can
consider

aR + bT = (aR1 + bT1, . . . ,aRN + bTN)

and then it makes sense to write (aR + bT)γ for a multi index γ.
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In particular, for R2N ∋ (x , y) we consider

MfF (x , y) = (x1F (x , y), . . . , xNF (x , y)),
MsF (x , y) = (y1F (x , y), . . . , yNF (x , y)),
DfF (x , y) = (Dx1F (x , y), . . . ,DxN F (x , y)),
DsF (x , y) = (Dy1F (x , y), . . . ,DyN F (x , y)).

Then

P(x , y ,Dx ,Dy ) =
∑

|α+β+γ+µ|≤m

cαβγµxαyβDγ
x Dµ

y ,

can be written as

P = P(Mf,Ms,Df,Ds) =
∑

|α+β+γ+µ|≤m

cαβγµMα
f Mβ

s Dγ
f Dµ

s
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Wigner type transform and operators

Theorem
Let P be a linear PDO with polynomial coefficients as before.
Then for each u ∈ S(R2N), the following formula holds:

Wig [P (Mf,Ms,Df,Ds)u] = P̃(Mf,Ms,Df,Ds)Wig[u],

for

P̃(Mf,Ms,Df,Ds) = P
(

Mf −
Ds

2
,Mf +

Ds

2
,Ms +

Df

2
,
Df

2
− Ms

)
.

Observe that P̃ is still and operator with polynomial coefficients.

What about global regularity?
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Global regularity

Wig [P (Mf,Ms,Df,Ds)u] = P̃(Mf,Ms,Df,Ds)Wig[u]

Definition

A linear operator P on S′(R2N) is S-globally regular if

u ∈ S′(R2N), Pu ∈ S(R2N) =⇒ u ∈ S(R2N).

A linear operator P on (SΣΩ)
′(R2N) is SΣΩ-globally regular if

u ∈ (SΣΩ)
′(R2N), Pu ∈ SΣΩ(R2N) =⇒ u ∈ SΣΩ(R2N).

If P has globally hypoelliptic symbol, P is globally regular.
The symbol of P̃ is never globally hypoelliptic.
P is S-globally regular ⇐⇒ P̃ is S-globally regular.
What about SΣΩ-globally regularity?
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Action of Wigner type transform on SΣΩ

Wig[u](x , ξ) =
∫
RN

exp(−itξ)u
(

x +
t
2
, x − t

2

)
dt , u ∈ SΣΩ(R2N).

Ω(x , y) = ω1,1(x1) + · · ·+ ω1,N(xN) + ω2,1(y1) + · · ·+ ω2,N(yN),

Σ(ξ, η) = σ1,1(ξ1) + · · ·+ σ1,N(ξN) + σ2,1(η1) + · · ·+ σ2,N(ηN).

Then
Wig : SΣΩ(R2N) → S

Σ1
Ω1
(R2N);

Wig : (SΣΩ)
′(R2N) →

(
S
Σ1
Ω1

)′
(R2N);

Wig−1 : SΣΩ(R2N) → S
Σ1
Ω1
(R2N);

Wig−1 : (SΣΩ)
′(R2N) →

(
S
Σ1
Ω1

)′
(R2N).

where
Ω1(x , y) = ω1,1(x1) + · · ·+ ω1,N(xN) + σ2,1(y1) + · · ·+ σ2,N(yN),

Σ1(ξ, η) = σ1,1(ξ1) + · · ·+ σ1,N(ξN) + ω2,1(η1) + · · ·+ ω2,N(ηN).
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Global regularity in SΣΩ

Wig [P (Mf,Ms,Df,Ds)u] = P̃(Mf,Ms,Df,Ds)Wig[u],

Theorem [C. Mele, A. O.]
Let P be a linear PDO with polynomial coefficients and let Ω, Σ,
Ω1, Σ1 be as before. P is SΣΩ-regular ⇐⇒ P̃ is S

Σ1
Ω1

-regular.

More general transformations ban be used instead of Wigner
type transform, namely, transforms in the Cohen class

Q[u] = κ ⋆ Wig[u]

for kernels κ of the kind

κ(x , y) = F−1
ξ→x
η→y

[
exp

(
−i

N∑
j=1

pj(ξj , ηj)
)]

,

where pj , j = 1, . . . ,N are polynomials in R2 of any order, with
coefficients in R.

A. Oliaro Global regularity in ultradifferentiable spaces



Global regularity in SΣΩ

Wig [P (Mf,Ms,Df,Ds)u] = P̃(Mf,Ms,Df,Ds)Wig[u],

Theorem [C. Mele, A. O.]
Let P be a linear PDO with polynomial coefficients and let Ω, Σ,
Ω1, Σ1 be as before. P is SΣΩ-regular ⇐⇒ P̃ is S

Σ1
Ω1

-regular.

More general transformations ban be used instead of Wigner
type transform, namely, transforms in the Cohen class

Q[u] = κ ⋆ Wig[u]

for kernels κ of the kind

κ(x , y) = F−1
ξ→x
η→y

[
exp

(
−i

N∑
j=1

pj(ξj , ηj)
)]

,

where pj , j = 1, . . . ,N are polynomials in R2 of any order, with
coefficients in R.

A. Oliaro Global regularity in ultradifferentiable spaces



Global regularity in SΣΩ

Wig [P (Mf,Ms,Df,Ds)u] = P̃(Mf,Ms,Df,Ds)Wig[u],

Theorem [C. Mele, A. O.]
Let P be a linear PDO with polynomial coefficients and let Ω, Σ,
Ω1, Σ1 be as before. P is SΣΩ-regular ⇐⇒ P̃ is S

Σ1
Ω1

-regular.

More general transformations ban be used instead of Wigner
type transform, namely, transforms in the Cohen class

Q[u] = κ ⋆ Wig[u]

for kernels κ of the kind

κ(x , y) = F−1
ξ→x
η→y

[
exp

(
−i

N∑
j=1

pj(ξj , ηj)
)]

,

where pj , j = 1, . . . ,N are polynomials in R2 of any order, with
coefficients in R.

A. Oliaro Global regularity in ultradifferentiable spaces



Examples

0 ̸= p(z, ζ) =
∑

|α+β|≤m

cαβzαζβ, cαβ ∈ C, z, ζ ∈ RN .

The following operators are SΣΩ-regular for every Ω and Σ:

P1 =
∑

|α+β|≤m

cαβ

(
x1 + y1

2
+ R1(Dx1 + Dy1 )

)α1
. . .

(
xN + yN

2
+ RN(DxN + DyN )

)αN

(
Dx1 − Dy1

2
+ T1(y1 − x1)

)β1
. . .

(
DxN − DyN

2
+ TN(yN − xN)

)βN
;

P2 =
∑

|α+β|≤m

cαβ

(
x1 −

Dy1

2
− R1(Dx1 )

)α1
. . .

(
xN −

DyN

2
− RN(DxN )

)αN

(
x1 +

Dy1

2
− R1(Dx1 )

)β1
. . .

(
xN +

DyN

2
− RN(DxN )

)βN
;

P3 =
∑

|α+β|≤m

cαβ

(
Dx1

2
+ y1 − T1(Dy1 )

)α1
. . .

(
DxN

2
+ yN − TN(DyN )

)αN

(
Dx1

2
− y1 + T1(Dy1 )

)β1
. . .

(
DxN

2
− yN + TN(DyN )

)βN
.

where Rj and Tj are arbitrary polynomials with real coefficients.
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Examples
The operators in R2(

Dx +
1
2

y
)2

+

(
Dy − 1

2
x
)2

(Twisted Laplacian)

(
Dx +

1
2

y
)2h

+

(
Dy − 1

2
x
)2k

with h, k ∈ N

(
x − 1

2
Dy + Q(Dx)

)2

+

(
y +

1
2

Dx + R(Dy )

)2

(x − Dy + Q(Dx))
2 + (y + R(Dy ))

2

for arbitrary differential operators Q(Dx) and R(Dy ) with real
constant coefficients,

are S
σ1⊕σ2
ω1⊕ω2

-regular, for every weight
functions ω1, ω2, σ1, σ2.
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